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Abstract 

This dissertation reviews some properties of the low-energy effective actions for six dimensio- 
nal open-string models. The first chapter is a pedagogical introduction about supergravity 
theories. In the second chapter closed strings are analyzed, with particular emphasis on 
type IIB, whose orientifold projection, in order to build type-I models, is the subject of the 
third chapter. Original results are reported in chapters 4 and 5. In chapter 4 we describe 
the complete coupling of (1,0) six-dimensional supergravity to tensor, vector and hyper- 
multiplets. The generalized Green-Schwarz mechanism implies that the resulting theory 
embodies factorized gauge and supersymmetry anomalies, to be disposed of by fermion 
loops. Consequently, the low-energy theory is determined by the Wess-Zumino consistency 
conditions, rather than by the requirement of supersymmetry, and this procedure does not 
fix a quartic coupling for the gauginos. In chapter 5 we describe the low-energy effective ac- 
tions for type-I models with brane supersymmetry breaking, resulting form the simultaneous 
presence of supersymmetric bulks, with one or more gravitinos, and non-supersymmetric 
combinations of BPS branes. The consistency of the resulting gravitino couplings implies 
that local supersymmetry is non-linearly realized on some branes. We analyze in detail the 
ten-dimensional USp{32) model and the six-dimensional (1,0) models. 



UNIVERSITA DEGLI STUDI DI ROMA 
"TOR VERGATA" 

FACOLTA DI SCIENZE MATEMATICHE, FISICHE E NATURALI 

Dipartimento di Fisica 



Low-energy structure of six-dimensional 

open-string vacua 



Tesi di dottorato di ricerca in Fisica 
presentata da 
Fabio Riccioni 



Relatore 

Prof. Augusto Sagnotti 

Coordinatore del dottorato 
Prof. Piergiorgio Picozza 



Ciclo XIV 



Anno Accademico 2000-2001 



Contents 



Acknowledgments 
Introduction 

1 Generalities about supergravity theories 

1.1 'Ibrsion in General Relativity 

1.2 Minimal supergravity in four dimensions 

1.3 Eleven-dimensional supergravity 

1.4 Ten-dimensional supergravities 



1.4.1 Al = '2a supergravity 


r 


1.4.2 A/ =26 supergravity 






1.4.3 A/ = 1 supergravity 





2 Closed strings 

2.1 The spectrum of closed oriented superstrings 
2^2 Partition function tor closed oriented strings 

2.3 IIB superstring on T'^ /Z2 

2.4 Anomaly cancellation 

23 D-branes and dualities 



3 Open strings 

3.1 The ten-dimensional 5*0(32) type-I superstring 

3.2 Ten-dimensional U Sp{32) type-1 string 

3.3 Six-dimensional type-I models 

3~3 Anomaly analysis of six-dimensional models 
3l5 Six-dimensional vacua and dualities .... 



ii 



Table of contents 



111 



4 Minimal six-dimensional supergravity 



4.1 Supergravity coupled to tensor and vector multiplets 



4.1.1 Supergravity coupled to tensor multiplets 



63 

66 
66 



4.1.2 Inclusion of vector multiplet^ 74 

4.1.3 Wess-Zumino Consistency Conditions] 85 

4.1.4 The energy-momentum tensor] 88 

4.2 Covariant field equations and covariant anomalie^ 89 

PST construction 



4.3 



92 



4.4 Inclusion of abelian vector multiplets] 97 

4.5 Inclusion of hypermultiplets] 100 

O Discussion] 114 



5 Low-energy actions for brane supersymmetry breaking^ 



117 



5.1 Low-energy couplings for the Sugimoto model] 120 



5.2 Geometric couplings in six-dimensional models] 127 



5.3 Discussion 13^ 



Conclusions 



A Notations and spinor algebra 



141 



143 



A.l Reality propertied 143 



A. 2 Fierz identities 147 



A. 3 Six-dimensional conventions] 14^ 



Bibliography 



151 



A cknow ledgments 



This dissertation is based on research done at the Physics Department of the Uni- 
versita di Roma "Tor Vergata", during the period November 1998 - October 2001, 
under the supervision of Prof. Augusto Sagnotti, that I would like to thank for his 
suggestions and encouragement. I am also grateful to Dr. Gianfranco Pradisi for the 
enjoyable and fruitful collaboration during the last part of my Ph.D., on the subject re- 
ported in the last chapter. During my studies, I attended the "Semester on Supergrav- 
ity, Superstrings and M-Theory" at the Centre Emile Borel, Insitut Henri Poincare, 
Paris (September- december 2000), and the Les Houches 2001 Summer School "Unity 
from duality: gravity, gauge theory and strings". I would like to thank the organizers 
of these two schools for having given me the opportunity to be there and the parte- 
cipants for the very stimulating and enjoyable atmosphere. Finally, I am grateful to 
the whole theoretical physics group at the Department of Physics of the Universita di 
Roma "Tor Vergata" for its hospitality. 



iv 



Introduction 



String theory is an extremely powerful tool for the quantization of gravity and the 
unification of fundamental interactions. In the spectrum of excitations of closed 
strings, a massless spin 2 field is always present, and its interactions are described 
at low-energies by the Einstein-Hilbert action. Typically, requiring that in the low- 
energy limit gravitational interactions be regulated by Newton's constant fixes the 
string scale to be of the order of the Planck scale. This explains why particles behave 
as pointhke objects at low energies, and if one restricts the world-sheet action of 
the string to be supersymmetric, consistency selects the space-time dimension to 
be equal to 10. Moreover, in ten dimensions there are five superstring theories, 
i.e. five theories that have a supersymmetric spectrum. In order to obtain models 
that are phenomenologically interesting, one has then to suitably compactify them, so 
that the resulting vacua be four-dimensional. Although these theories have different 
perturbative spectra, at the non-perturbative level they are related by dualities, and 
the picture that emerges is that the (unique and unknown) complete theory behind 
them is described by different string theories in different regimes. 

While four of these five theories contain only closed strings at the perturbative 
level, type-I string theory contains open strings as well. As we will see throughout this 
thesis, this peculiarity of type-I strings will give rise to several interesting physical 
phenomena, that in closed string theories correspond to non-perturbative effects. 
More precisely, the hyper-surfaces on which the open strings end (D-branes) are 
dynamical objects whose excitations are open-string modes, and they correspond to 
non-perturbative states of the closed string theories. It is then interesting to study 
compactifications of type-I models, and in this respect the analysis of type-I vacua 
with minimal supersymmetry in six-dimensions turns out to be particularly rich, and 
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Introduction 



will be the main topic of this dissertation. 

Before I started my PhD, during the period of my INFN Pre-Doctoral Fellowship, 
I analyzed minimal six- dimensional supergravity in collaboration with S. Ferrara 
and A. Sagnotti concentrating in particular on the couplings of supergravity to 
tensor multiplets and to non-abelian vector multiplets. The result we ended up with 
is that this theory is not completely determined by supersymmetry, since consistency 



conditions leave a quartic gaugino coupling undetermined. Subsequently, in |70, 75 



77], we also came to a better understanding of the properties of these models. This 



dissertation is partly a continuation of these results: during the first part of my PhD I 
completed the low-energy effective action of six-dimensional supergravity coupled to 
tensor multiplets and abelian vector multiplets , showing that in the abelian case 
additional couplings can be added, and then in [[75] I obtained the complete action 
of supergravity coupled to vector, tensor and hypermultiplets. These results are the 
subject of Sections (4.4) and (4.5) of this thesis. 

Another peculiar feature of type-I strings is that one can consider brane-world 
scenarios, in which our universe is confined on some coincident branes, where the 
standard model lives, while gravity invades the whole bulk. In this scenarios, one 
can naturally lower the string scale to the order of the supersymmetry scale, since 
hierarchy is generated by compactification, and thus the Planck scale is obtained 
dynamically. Moreover, one can consistently obtain "brane supersymmery breaking" 
models, in which supersymmetry is realized in the bulk, at least to lowest order, 
while it is broken on some branes. During the last part of my PhD, I have analyzed 
in collaboration with G. Pradisi the low-energy effective action corresponding to 



type-I "brane supersymmetry breaking" models [p.04|| . These results are collected in 
Chapter 5. 

The thesis is organized as follows. Chapter 1 is a pedagogical introduction about 
supergravity theories, centered on topics that will become useful for the following, 
and in particular for Chapter 4. In Chapter 2 I analyze closed strings, with particular 
emphasis on type IIB, while its orientifold projection, in order to build type-I models, 
will be the subject of Chapter 3. Chapter 4 is devoted to a detailed description of 
minimal supergravity in six dimensions. In Chapter 5 I derive to lowest order in the 
Fermi fields the effective action for type-I brane supersymmetry breaking models. 
Finally, the last chapter is devoted to the conclusions, while the Appendix contains 
some conventions and useful identities. 



Chapter 1 

Generalities about supergravity 
theories 



Supersymmetry is a space-time symmetry that combines bosonic and fermionic fields. 
The simplest example of a model invariant under supersymmetry transformations is 
the four- dimensional Wess-Zumino model ||1[], consisting of a complex scalar and a 
Weyl fermion. The lagrangian of the model, 

is invariant under the supersymmetry transformations 

Sep = eifj , 6ip = —i'j^ed^cp , 

where e is a constant Weyl spinor with opposite chirality with respect to ip. There are 
two important properties that this model shares with all other supersymmetric theo- 
ries: the first is the fact that the commutator of two supersymmetry transformations 
on the bosonic field generates a translation, 

[5i,52]0=-2z(e27^ei)9^0 , 

the second is the fact that on the spinor, the same algebra is realized only on-shell. 
The first result is a general property of the supersymmetry algebra, and corresponds 
to the fact that the anticommutator of two supersymmetry generators gives the mo- 
mentum, the generator of translations. The second result is due to the fact that the 
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matching of bosonic and fermionic degrees of freedom actually only holds on-shell. 
In order to have the same matching also off-shell, we should add suitable auxiliary 
fields, and then, in the complete set of fields, the supersymmetry algebra will close 
exactly. We will not consider the (partly unsolved) problem of finding the off-shell 
representations of supersymmetry throughout this thesis, and in fact in Chapter 4 we 
will use the property that the supersymmetry algebra closes only on shell in order to 
determine the field equations for the fermionic fields of six-dimensional supergravity. 

An additional step is to try to make this symmetry local. There is a field that 
can naturally be regarded as the gauge field of supersymmetry, the Rarita-Schwinger 
field ipfi, whose linearized equation 

iY^'d^i/jp = 

is invariant under 

From the supersymmetry algebra we learn also that if the parameter of supersymme- 
try is local {i.e. space-time dependent), then the algebra generates a translation with 
a local parameter, a general coordinate transformation. If a field theory is invariant 
under general coordinate transformations, it must contain general relativity. So the 
important lesson that we learn is that a theory invariant under local supersymme- 
try, containing the field must contain gravity as well. The field ipfj^ is then the 
supersymmetric partner of the graviton, and for this reason it is called gravitino. 

In this chapter we want to give a general introduction to supergravity theories. 
We begin in Section 1 with a brief discussion about torsion in general relativity, 
and in Section 2 we describe the A/" = 1 four-dimensional model, that contains only 
a graviton and a gravitino, but already reveals some of the subtleties common to 
other supergravity models. In Section 3 we consider D=ll supergravity and finally 
in Section 4 we briefly describe the various supergravity theories that arise in ten 
dimensions. 

1.1 Torsion in General Relativity 

In this section we report some known results on general relativity that are essential 
for the following, in particular for Chapter 4. First of all, we fix the notations that 
we will follow throughout the thesis. The metric has signature (+,—,...,—), the 
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covariant derivative for a vector has the form 

v^K = 9^K-rVK , (1.1) 

where F is the Christoffel connection, and this covariant derivative can be rewritten 
as 

D^V"'^d^V"' + u;^"'nV'' , (1.2) 
where uj is the spin connection, in terms of 

whose indices are on the locally tangent space. The covariant derivative for a spinor 
is then 

D,X-d,X+\^,mnl'^''x , (1-4) 

and these two covariant derivatives are consistent because the vierbein is covariantly 
constant: 

V^e,'" - d^e,^ - V%,ep^ + o^^"^,e," - . (1.5) 

A priori, the Christoffel connection has no determined symmetry with respect to its 
lower indices. Nevertheless, it is important to observe that if the connection is chosen 
to be symmetric, then it is completely determined by the condition that the metric 
be covariantly constant. Denoting with {} this connection, the result is 

{V} = \9''"{di^9av + d^g^f, - 0^9^,^) ■ (1-6) 

Correspondingly, the spin connection in this case is also completely determined in 
terms of the vielbein, and 

e."^e/c^;..n = ^[epp(9^e/-9,e/)-e^^(9^e/-9,e/)+e,,(9,e/-9^e/)] . (1.7) 

In general, one can consider a Christoffel connection with an antisymmetric part, 
that is called torsion, 

— ToMi^ + IJ-i^ 1 (1-S) 

where Fq is symmetric and S is antisymmetric under the interchange of the lower 
indices. It is important to observe that this different choice of connection simply 
corresponds to the addition of covariant tensors to the minimal choice {}. In fact, it 
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can be shown that the torsion is a covariant tensor, and the symmetric part of the 
connection becomes 

^Ofi.i' — {''/if} ~l~ Sfj^'^i, + S^^ ^ . (1-9) 

In the presence of torsion, the spin connection is also modified by the addition of 
covariant terms: 

while the condition that the metric and the vierbein be covariantly constant is inde- 
pendent of the torsion. 

In our notations, the Riemann tensor has the form 

R°'iJivp{y) — (^v^'^pn ~ dpV"'^^ + T^pijT"i,/3 — ^'^i^ijX'^pP (1-11) 
in terms of the Christoffel conection, or 

R^r^'iu;) = d^cor'' - d^u;^^ + - c^."^Xp" (1-12) 

in terms of the spin connetion, and the fact that the metric is covariantly constant 
implies that these two curvature tensors are equivalent, so that 

fi/i R(TTmn{j^) — R iJ,<jT{y)^am ■ (-'-•-'-3) 

Consequently, the Ricci tensor is 

R^..{T) = e/e^"^i?,,^„(a;) (1.14) 

and the Ricci scalar is 

R{V)^e''me\Rar''{u^) ■ (1-15) 

This curvature tensor is the object that naturally appears in the commutator of two 
covariant derivatives, while the presence of torsion corresponds to the addition in the 
commutators of a term containing the covatiant derivative of the vector, so that 

[V„ V.]F^ = i?%.p(r)K - 25%,VaV; . (1.16) 

One of the consequences of torsion is the fact that the Ricci tensor is no longer 
symmetric, and precisely 
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while it can also be shown that the relation 

rv = a^inv^ (1.18) 

is still true in the presence of torsion. 

There are three different lagrangian formulations of general relativity. In the 
second order formulation one assumes from the start that the torsion vanishes, and 
considers the theory as a function of the metric g^j^i, only. The connections are de- 
termined in terms of the metric by the requirement that the torsion be zero. In the 
first order (Palatini) formulation, the metric and the connection are assumed to be 
independent. It is also possible to consider a pure connection formulation, in which 
the metric is obtained as a composite field. We now show that for pure gravity, the 
first order and the second order formulations coincide. Fixing Newton's constant 
appropriately, the Einstein-Hilbert action takes the form 

S^~j d^xyf^R . (1.19) 
The variation of the Riemann tensor is 

= v„5r%-v.5r% + 2,sOrv , (i-2o) 

where the first two terms do not contribute to the field equation, and as a consequence, 
one sees that the second order formulation, where the absence of torsion is required 
as a condition, gives the same equation as the first order formulation, where the 
absence of torsion comes from the equation of the connection. The field equation is 
then completely determined by the variation of the metric, and is 

R^u-\9^.uR^^ . (1.21) 

The same result is obtained if one expresses the Riemann tensor in terms of the spin 
connection, and indeed varying the action 

S=-\j rf^a;ee^^e^i?™'(^) (1-22) 
with respect to the spin connection uj gives 

d''xee''^me\e%}D^e/Sujr'' , (1-23) 

where the covariant derivative D contains only the spin connection. The field equation 
for u; then becomes -D[^e|^ = 0, that imphes the absence of torsion. Now suppose that 
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matter is present, and consider the simple case of a single spinor, whose lagrangian 
is 

£=^X7^D^X , (1-24) 

where 

D,x = ^,x + \^^.n.nl"'''x ■ (1-25) 
The equation for uj now implies that the spin connection is 

UJf,mn = UjI^u - ^X7/.mnX , (1-26) 

and from eq. (|1.10|) this corresponds to the presence of the torsion 

Sf,up = -^Xl^iupX ■ (1-27) 

In supergravity theories it is necessary to consider the spin connection rather than 
the Christoffel connection in the lagrangian, since these theories contain spinors. This 
is also natural, since these theories typically contain p-forms, antisymmetric tensors 
with p space-time indices, that generalize vectors in higher dimensions. The field 
strength for a p-form A is F = dA, that in components means 

Ff,,...^^ = pd[f,,A^,,..f,^] , (1.28) 

and the fact that the indices are completely antisymmetrized implies that this object 
is covariant without the addition of any connection. The gauge invariance of F under 

5Ap = rfAp_i (1.29) 

is preserved only if no torsion term is present. Moreover, the Rarita-Schwinger action 
is covariant in terms of the covariant derivative D, with only the spin connection, 
and thus in general Christoffel and spin connection enter very differently the relevant 
couplings. 

The simplest supergravity theory is A/" = 1 supergravity in four dimensions [Q, 
that contains only the graviton and a gravitino. The invariance of this model under 
supersymmetry was originally shown in the second order formalism in and then 
in the first order formalism in [^]. One could actually make things simpler, and 
combine the advantages of both formalisms, considering the spin connection as an 
independent field, but always imposing that it satisfy its field equations (see Ref. 0). 
This formalism, known as the 1.5 formalism, is the most natural way to formulate 
supergravity theories, and is the one we will use in the next sections and in Chapter 4. 
In the next section we will explicitly see how all this works for minimal supergravity 
in four dimensions, while in Section 3 we will consider 11- dimensional supergravity. 
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1.2 Minimal supergravity in four dimensions 

The = 1 four- dimensional supergravity multiplet contains just the graviton and 
a Majorana gravitino. In this section we show how the lagrangian for this model is 
constructed, showing that the lagrangian 

1 ?p — 

C = --eR--i:,r'"'Du^P (1-30) 
is invariant under the supersymmetry transformations 

S^pp = D^e . (1.31) 

First of all, we prove that supersymmetry holds to lowest {i.e. quadratic) order in 
the fermions. This means that we have to consider the equation for the metric 
without gravitino terms, and the equation for the gravitino without cubic terms in 
the gravitino itself. At this level the spin connection does not contain torsion, that 
as we saw in the previous section is quadratic in the spinors. To lowest order, the 
variation of the lagrangian is 

6C = -'-e{ej,i:,)[R'^''-^g^^''R]-ze{D^er''PD,ijp) , (1.32) 

where the covariant derivative contains the torsion-free spin connection. The second 
term, integrated by parts, gives 

'-ee^'^^j'^^^pR^^mn , (1.33) 

o 

and using the properties of the Clifford algebra and the cyclic identity for the Riemann 
tensor one can show that it cancels with the variation of the Einstein-Hilbert action, 
so that supersymmetry holds to lowest order in the Fermi fields. We emphasize that 
this result applies in any dimension, although the actual coefficient in front of the 
Rarita-Schwinger action depends on the reality properties of the spinor. 

We now want to show that supersymmetry holds to all orders in the fermi fields, 
with a suitable definition of uj. In eq. ( |1.31|) , the variation of the vielbein does not 



receive any further correction, while one could add terms proportional to ip'^e to the 
variation of ip. This is a general feature of supersymmetric models: as we will see also 
in other cases, the transformations of the bosonic fields are quadratic in the fermions, 
and are competely determined at the lowest order, while the transformation of the 
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gravitino contains a derivative term and terms cubic in the fermions. For this reason 
the lagrangian can contain two-derivative terms, one-derivative terms contracted with 
fermionic bihnears and four-fermi terms. Any higher order term in the fermions would 
correspond by supersymmetry to higher derivative terms. 

The spin connection that satisfies its field equation is in this case 

7/ — — — 

UJpmn = Ujl^an " ^e."" n[{i^ pi ui^ p) + {^ulpi^p) + (i^ulp'lpp)] , (1-34) 

and consequently the coupling of gravity with the gravitino in four dimensions induces 
the torsion 

Spup = --{^ulpipp) ■ (1-35) 

As we will see in the next section, these two relations will be modified by a bilinear 
in the gravitino with five 7-matrices in dimensions greater than 4. Observe that the 
connection defined in eq. ( |1.34|) is supercovariant, since its supersymmetry variation 
does not contain terms proportional to the derivative of e. Only for minimal super- 
gravity in four dimensions the supercovariant spin connection is the one that satisfies 
its field equation, while in more complicated models additional fermions contribute 
to the torsion and to the connection as well. The concept of supercovariance is very 
useful in order to construct supergravity theories, and we will also use it in Chapter 
4, when we will determine minimal six- dimensional supergravity theories to all orders 
in the Fermi fields. Working in the 1.5 formalism, we do not consider the variation 
of the connection ( |1.34| ). 

Because of the Fierz identity 

7n^V^[M(V^.7'"V^p]) = , (1.36) 

that holds in four dimensions as a consequence of 7m7"'^7™ = 0, one can show that 
the gravitino field equation resulting from the variation of the complete lagrangian 
in the 1.5 formalism, 

-tY'''D,^p = , (1.37) 
is supercovariant, with the connection (|1.34|) . Using similar relations one can then 



show that the lagrangian of eq. (|1.30|) is invariant under the variations ( [1.31| ), with 
the spin connection defined in eq. (|1.34|) . In this model supercovariance completely 
determines the supersymmetry transformation and the field equation for the grav- 
itino, and one can show using the Fierz relations collected in the Appendix that the 
complete variation of the action vanishes. 
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We now show that the closure of the supersymmetry algebra gives exactly the 
same gravitino equation, from which one can recover the complete lagrangian ( |1.30D . 
Given a supergravity model, the commutator of two supersymmetry transformations 
on any field in the multiplet gives all the possible local transformations for that field 
(supersymmetry, general coordinate, local Lorentz and gauge transformations). In 
addition, for fermionic fields, the algebra closes on shell. For instance, the commuta- 
tor of two supersymmetry transformations acting on the vielbein is 

^.jje^™' = Sgcte^"^ + Silc^"^ + Ssusye^/^ , (1.38) 

where the parameters of general coordinate, local Lorentz and supersymmetry trans- 
formations are 

eM = ^(Wi) , fi™ = -ru;,-" , C = r^. • (1-39) 

Performing the same commutator on i/), one can extract from it all the local symme- 
tries, with the same parameters as in eq. (|1.39|) . The terms that are left must be 
zero on-shell, and thus from them one can read the field equation for tp. From the 
field equation for the gravitino, one can determine the lagrangian completely. [] The 
end result is 

+ ^i^ul''[{eq.i))^, - -7/.(7 - trace)] - 2i^''-f^[{eq.i))^ - -7^(7 - trace)] 
- ^(ei7'^^e2)7''7M[N-^)-- ^7.(7 -trace)] , (1.40) 
where with 7 — trace we mean the gravitino equation contracted with a 7 matrix, i. e. 

-2iY'D,^p = Q . (1.41) 

1.3 Eleven-dimensional supergravity 

The number of components of the supersymmetry charge for minimal supersymmetry 

in four dimensions is 4. The chiral multiplet that we described in the introductory 

section, the gravity multiplet and the vector multiplet, containing a vector and a Weyl 

spinor, are all the multiplets with minimal supersymmetry in four dimensions. For 

^Observe that the connection must not be kept fixed when computing the commutator, since it 
is fixed in the lagrangian just because its variation generates the field equation. 
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all these multiplets, the number of bosonic and fermionic on-shell degrees of freedom 
is 2. In four dimensions one can also consider theories with extended supersymmetry. 
For instance the M = 2 gravity multiplet contains the graviton, two gravitinos and an 
abelian vector (the graviphoton) . The on-shell matching of Bose and Fermi degrees 
of freedom is straightforward, and the number of supercharges is in this case 8. Con- 
tinuing this way, one can show that the maximal number of supercharges compatible 
with representations of ordinary {i.e. spin <2) fields is 32. Moreover, in this case one 
has a single representation of the supersymmetry algebra that contains fields with 
spin <2, that is the A/" = 8 gravity multiplet P|. The corresponding lagrangian can 
be obtained by dimensional reduction from eleven-dimensional supergravity. Indeed, 
analyzing the properties of the spinors in various dimensions (see the Appendix), one 
can show that in D = 11 the only possibility is to have 32 supercharges [0, and the 
corresponding multiplet is the gravity multiplet, containing the graviton (44 on-shell 
degrees of freedom), an antisymmetric 3-form (84 on-shell degrees of freedom) and 
a Majorana gravitino (128 on-shell degrees of freedom). Dimensional reduction of 
this theory gives maximal supergravity in any dimension. As we will see in the next 
section and in Chapter 4, one can also have theories with 16 supercharges starting 
from ten dimensions, and theories with 8 supercharges starting from six dimensions 
[@]- -D = 11 is the maximal dimension for which one can realize supersymmetry in 
terms of an ordinary supergravity theory. 

Returning to the eleven-dimensional supergravity 0, to lowest order, the la- 
grangian 

p IP — p 

is invariant under the supersymmetry transformations 

5e,^ = -2(e7"^V^^) 

3 

8A^^p = -{e-i^^^^p^) , (1.43) 
where the field strength 
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is invariant under the gauge transformation 6Af^i^p = 3(9[^A,^p]. In order to prove 
the invariance of the lagrangian, observe that the first term in the variation of the 



gravitino produces eq. (|1.33| ), while this term cancels as in D = 4 against the variation 
of the Einstein-Hilbert action; the additional term containing five antisymmetrized 7 
matrices, absent in D = 4, vanishes because of the cyclic identity 

R"[f..p]=0 . (1.45) 

The cancellation of the terms containg F and a derivative or F"^ can be proved using 
the relation 

/il.../i„ _ V / A'l---/^nl^l...t^ll-n^, Af,\ 

e(ll — njl 

derived from the similar ten-dimensional relation ( A. 27 ) obtained in the Appendix. 
Observe the presence of the Wess-Zumino term A A F A F in the last line of eq. 
( |1.50 ). Similar terms typically appear also in lower- dimensional supergravity theories, 
and in the next chapters we will see their implications, in particular for anomaly 
cancellations. 

We now want to prove supersymmetry to all orders in the Fermi fields, working 
in the 1.5 order formalism. The spin connection that satisfies its field equation is 

1 _ _ _ 

W/.mn = Wjn^n " mC'' n[{i^ ^^lu'^P p) + {.i^vlp^p) + i.'^vlp'^p)] 

- , (1.47) 

and differs from the supercovariant spin connection, that is given as in D = 4 by 

Similarly, one can define the supercovariant 4-form field strength 

F^ypa = Fp^p^ - 3(V^[p7i.p^(,]) , (1.49) 

and as in four dimensions, one can determine the lagrangian that gives a superco- 
variant gravitino field equation. The result is 

^ = -^^-f(V^.7'^''^^.(^)^p)-^i^..p.i^'^^^^ 

+ 1^2 + ^)p.5r(^7'^'^'"^'>.) + yq^f+ F),upArY'r) 
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One can show that the resulting gravitino equation is 

- zer''PD,{u)ij, + ^Fp^srl^^^p'^'^'^u + ^F^^^'^T.p^. = (1.51) 
4o 4 

using the Fierz identity 

+7"^>/3(^a7'^^7)-27'^"%(^"7^V'7)+7^°^^7(^«7^^/3) = . (1.52) 

Using similar Fierz identities one can then show that the lagrangian ( |1.50| ) is invariant 
under the supersymmetry transformations 

3 

SA^^,p = -{e-iy^^i)p{) . (1.53) 

Observe again that both the field equation and the supersymmetry transformation 
of the gravitino are supercovariant. 

As we showed in the four dimensional case, one can arrive at the same result 
imposing the closure of the supersymmetry algebra. Indeed, the commutator of two 
supersymmetry transformations gives local Lorentz, general coordinate and super- 
symmetry transformations on the vielbein, while in the case of the 3-form gives an 
additional gauge transformation and in the case of the gravitino additional terms pro- 
portional to its field equation. The parameters of general coordinate, local Lorentz, 
supersymmetry and 3-form gauge transformations are 



ip = «(e27Mei) 

f]-" = -C^,"^"" + ^F^upAhr"'^"'''^!) + ^^'^'^™"(e27M.ei) , 

C = C^u , 

Apu = ^(e27M-ei) + ^Apup ■ (1.54) 
Performing the same commutator on ip, and extracting from it all the local symme- 



tries, with the same parameters as in eq. ( |1.54|) , one can read the field equation for 
ip, that results to be the supercovariant equation ( |1.51j ). Once the field equation for 
the gravitino is known, integrating it one determines the lagrangian completely. 
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By dimensional analysis, one can reinsert Newton's constant in eqs. (|1.50| ) and 
( |1.53|) , obtaining 

+ Ii^^""-"'''"-''''''^---^/^i..AVp (1-55) 

and 

3 

5Af,^p = -(e7[^^^p]) . (1.56) 

1.4 Ten-dimensional supergravities 

In this section we shortly describe supergravity theories in ten dimensions. There 
are two supergravity theories with 32 supercharges, the M = 2a and M = 2h super- 
gravities, and one theory with 16 supercharges, the N = 1 supergravity, that can be 
coupled to a Yang-Mills vector multiplet. 

1.4.1 J\f = 2a supergravity 

Dimensional reduction of eleven-dimensional supergravity gives M = 2a (or M = 
(1, 1)) supergravity in ten dimensions (the notation (1, 1) means that the supersym- 
metry charge is a non-chiral Majorana spinor, corresponding to 16 left-handed and 
16 right-handed supercharges). It is straightforward to derive the field content of 
the multiplet, given by the graviton, a 3-form, a 2- form, a vector and a scalar in the 
bosonic sector and by a Majorana gravitino and a Majorana spinor (both non-chiral) 
in the fermionic sector. One can verify that the number of bosonic and fermionic 
on-shell degrees of freedom coincide. 

In order to compactify the lagrangian ( p..55| ) on a circle of radius r (in eleven- 
dimensional units), we make the ansatz 
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for the vielbein, that corresponds to the ansatz 

ds"^ = ^'^''g^^dx^dx'' - {^A^dx^ + mxiof (1-58) 

for the metric. We are then interested in the massless sector of the resulting ten- 
dimensional theory. Denoting with A the compact dimension, the original eleven- 
dimensional general coordinate transformation for Amnp becomes for A^j,p a ten- 
dimensional general coordinate transformation plus an additional gauge transforma- 
tion with respect to the gauge field defined in eq. (|1.57|) . More precisely, defining 



F = Ad\ A 1 

•F uvp ~ 3f^[/xvAj/p] , (1.59) 

where A^.^ = A^^^, one obtains that the 4- form 

+ AAypJ^,p^^ (1.60) 

is gauge invariant. With these definitions, and denoting with kh the eleven-dimensional 
Newton constant, it can be verified that the dimensional reduction of the bosonic sec- 
tor of eleven-dimensional supergravity gives the ten-dimensional lagrangian 

Ak^ Ak^ ^ 16^2 

^ J-^fiupa-^-^ 12 p.vp-' 

ai...a4/3l.../34Mi'p p A l'1611 

8 ■ 144 ai...a4,J^ I3i...l34,-^pv , \^-^^) 

where = K,1^/2TTr defines the ten-dimensional Newton's constant. 

The fermionic terms and the supersymmetry tranformations can be derived di- 
rectly by dimensional reduction, and will not be considered here. Rather, we want 
to emphasize that different choices of a, corresponding to Weyl rescalings, give the 
same theory in different frames. The choice a = —1/8 corresponds to the Einstein 
frame, in which the Einstein-Hilbert term becomes no more dependent on the scalar, 
and the action assumes the form (setting for simplicity n = 2'7rr = 1) 

A 2 ^ 16 

_ _^p0 TT TTfJ-i^pfr _|_ _^p-20 -p -pl^up 

^gC llpupa^-l 12 ''fJ-i'P'' 

-L I ai...a4/3i.../34Mi'p P A (162) 

8 ■ 144 -'^ai...a4-'^ p-i...l34,-^p.u , \^-^^J 
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where $ = es"^. We will see in the next chapter that it is interesting to consider the 
same lagrangian in the string frame, in which the dependence on the scalar vanishes 
in both the kinetic terms for the 1-form and for the 3-form. This corresponds to 
putting a = —1/2, and the resulting lagrangian is 

16 48 '^'"^ 

-L I ai...a4l3i...l34fiup jp A flfiBl 

8 144 ai...OL4,J^ I3i...l34,-^^v 1 1^1. UdJ 

where $ = ei"^. 



1.4.2 J\f = 2b supergravity 

In this subsection we describe the lowest order terms of A/" = 26 (or A/" = (2,0)) 
supergravity |l^, |lT]. This theory can not be obtained by reduction from a higher- 
dimensional lagrangian, and contains the graviton, two scalars, two 2-forms and a 
self-dual 4-form in the bosonic sector, together with a complex left-handed gravitino 
and a complex right-handed spinor in the fermionic sector. 

In ||10| the field equations for this model were derived to lowest order in the Fermi 
fields requiring the closure of the supersymmetry algebra. We will see that all these 
equations, with the exception of the self-duality condition for the field strength of the 
4-form, 

5!e 

can be derived from a lagrangian, imposing eq. ( |1.64D only after varying. More 
recently, a lagrangian formulation for self dual forms has been developed by Pasti, 
Sorokin and Tonin [|12|, and then applied in |jl3[| to the ten-dimensional M = 2h 
supergravity. This PST method corresponds to the introduction of an additional 
scalar auxiliary field, and the self-duality condition results from the gauge fixing (that 
can not be imposed directly on the action) of additional (PST) local symmetries. It 
will be used in Chapters 4 and 5 in order to derive the action for six-dimensional 
supergravity theories, while here we only assume that we have already fixed the PST 
gauge so that eq. ( p..64| ) holds on-shell. 

Let us now summarize the field content of the theory. The two scalars parametrize 
the coset SU{1, l)/f/(l), that can be described in terms of the SU{1, 1) matrix 

U ={V^ V^) , (1.65) 
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satisfying the constraint 

VTKf - V^Vf = , (1.66) 

with {V^y = eafiV^, where a = 1,2 is an SU{1, 1) index and + and — denote the 
U{1) charge. From the left-invariant 1-form 



one reads the [/(l)-covariant quantity 

P, = e^pV^d^V^ , (1.68) 
that has charge 2, and the U{1) connection 

Q^ = tea^V^d^V^ . (1.69) 
The 2-forms are collected in an SU{1, 1) doublet satisfying the constraint 

(A^J* = e^^A^, , (1.70) 
while the 4-form is invariant under SU{1, 1), and varies as 



under 2-form gauge transformations, where SA"^,^ = 2(9[^A"] and F^^^ = 39[^A"^], so 
that the proper gauge-invariant 5-form field-strength is 

F^upar = 5d[f,A^p„r] + -^^0/3 . (1-72) 

This 5-form satisfies the self-duality condition ( |1.64| ). It is convenient to define the 
complex 3-form 

G^up = -Ca/jV+F^^p , (1-73) 

that is an SU{1,1) singlet with U{1) charge 1, and finally the gravitino has U{1) 
charge 1/2, while the spinor has U{1) charge 3/2 ||10|| . 
The lagrangian 

£ = + -P*P^ + —G* G^"'' 

_|_ ^fP J ! p P1...P10 A pa pl3 

^ gj-' Mi- Ms-' 4 . 123 ^p.l-Pi-^ p5...pT^ ps-tJ-W 

- te{^,r'''D,i^p)+^e{xi'D^x) 
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- -^P^i^^YYXc) + ^G^^i^.Y^'rx) + h. c. 

- ^F,,...,,{xY'-^'x) (1.74) 
is invariant under the supersymmetry transformations 

Scf,^ = -2(e7>^) + h. c. , 

SV: = V2V^{ecx) , 
6V^ = V2V:iexc) , 

= -\v^{^l,uX) - ^v^K°(ec7[M^.]) + h. c. , 
SA^^p^ = 4(e7[^^pV^^] + h. c. - —e^pAf^^SA^^^^ , 

1 3 
5X = -^P.T'^ec - ^G,.,7'^'^^e , (1.75) 



provided one imposes the self-duahty condition of eq. ( 1.64 ) after varying. 

It is interesting to study in more detail the kinetic term for the scalar fields. The 
complex variable 



z = ^ (1.76) 



n 

is invariant under local U{1) transformations, and so it is a good coordinate for the 
scalar manifold. Under the SU{1, 1) transformation 



VI ^\ (3 a \VI 



:i.77) 



:i.78) 



that is an isometry of the scalar manifold, z transforms as 

az + [3 
/3z + a 

The variable z parametrizes the unit disc, |z| < 1, and the kinetic term assumes the 
form 

_ e dpzd^'z 

L-scalar ^ {1 - Zzf ' ^ ^ 
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The further change of variables 

w — i , , 

z= 1.80 

w + t ^ ^ 

maps the disc in the complex upper-half plane, Imw > 0, and in terms of w the 
transformations ( |1.77| ) become 

aw + b , , 

w--^— , 1.81 

cw + a 



where 

/ a b 
\ c d 



eSL{2,R) , (1.82) 



while the scalar lagrangian takes the form 



e d^wd^w 

l-'scalar = oTr \T ' (1.8o) 

8 [Imwj^ 



the action. First of all, we define F^„p such that 



We now want to see how these redefinitions modify the form of the bosonic part of 

such 

G^up = -VlF*^p + VlF^^p , (1-84) 

and 

F^,up = {J^ + iQ)^.p , (1.85) 
with JF and Q real. We also define 

T' = T ^ Rew^ . (1.86) 
Writing w = p + ie'^ ^ the bosonic part of the action becomes 
^ = -^^+^e-^M^ + ^(5.0f + ^e-^^;,,)^ 

+ —p'i'iQ )2 , _^c^ n2 J \ .m-Mio^ p p* fl 87) 

If we now perform the Weyl rescahng ^f^j, — >• e'^^'^g^.y, we end up with 2b supergravity 
in the string frame, 

+ |e-n5.p)^ + ^e-n^;j^ + |^(F,,...,,)^ 

+ - f:Ml--MlO /I p p* (I 00\ 

Observe that in this frame the SL{2, R) ^ SU{1, 1) symmetry is no longer manifest. 
We will see in the next chapter the implications of this in the context of string theory. 
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1.4.3 = 1 supergravity 

The representations of the supersymmetry algebra with 16 supercharges in ten di- 
mensions are the gravity multiplet, containing the graviton, a 2- form, a left-handed 
Majorana gravitino and a right-handed Majorana spinor, and the Yang-Mills multi- 
plet, containing a gauge vector and a left-handed Majorana gaugino. 

The lagrangian for M = 1 supergravity coupled to vector multiplets in terms of 



these fields is 14, 15 



- le-^^tr[F'^^(A7^,x)] + ^e'^ ^[^'^'^(AtpTm.^O] 

' e-'''H''''PtiCXl,upX) , (1.89) 



6^2 



up to quartic terms in the fermions. The 3-form Hn,yp includes a Chern-Simons 
coupling, so that 

Hf,up = 5d[^B^p] + V2ujp^p , (1.90) 



where u^^p is the Chern-Simons 3-form defined as 



u = AdA--A^ , (1.91) 
3 



while the supersymmetry transformations are 



5e^™ = -tin"'^, 
^0=-^(ex) , 

6Bp, = --!=e^e7[^^.]) - \e'f'{e^p,x) + 2v^tr(A[^M, 
= -^e^^e"7,A) , 

= Dpe + ^e-t'H^^'^^p^p^e - -^e-^ Hp^p^^^e 
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= -^e-^<^F'^^7M , (1.92) 

and gauge invariance of H requires that under vector gauge transformations B trans- 
form as 

5B = -V2tT{AdA) . (1.93) 
This lagrangian was intitially written in [1^ in terms of the 6-form dual to the 2-form. 



We will return to this point in Chapter 5. 

In concluding this chapter, we observe that one can perform a Weyl rescaling, 
in order to map eq. (|5.14|) to a lagrangian in a different frame. In particular, the 
bosonic part of the action is 



^ = - e{d,<j>r + Y^HU - l^i] (1-94) 

in the heterotic- string frame, and 

^ = e-'n—R - e{d,<pr] + ^Hl^, - le~X^ (1.95) 

in the type I-string frame. These two lagrangans are mapped one in the other by the 
relations 

BH,^lu = Bi^^y , 

^u = -h . (1.96) 

We will see that these and analogous relations in supergravity theories correspond to 
dualities between different string theories. In particular, the last relation in eq. (|1.96 



is a manifestation of a strong- weak coupling duality between the 50(32) heterotic 
string and the type-I string in ten dimension. 



Chapter 2 
Closed strings 



This chapter is a brief introduction to oriented closed strings. Most of the analysis is 
devoted to the derivation of one-loop vacuum amplitudes, and the results obtained 
will be applied in the next chapter to the derivation of type-I models. As we will 
see, the consistency of the models is guaranteed requiring modular invariance for the 
one-loop vacuum amplitudes, and this naturally implies anomaly cancellation in the 
low-energy effective action. We will also comment on the non-perturbative states of 
these models, that will turn out to have a role in perturbative type-I vacua. The 
picture one ends up with, after the analysis of this and the next chapter, is that 
perturbative type-I models embody some peculiar features in their dynamics, that 
typically are revealed in the closed-string setting only at the non-perturbative level. 

The content of this chapter is the following. In Section 1 we shortly describe how 
to build the spectrum of closed strings, while Section 2 is devoted to the partition 
function of various superstring theories. The rules for writing partition functions are 
then apphed to type IIB compactified on the T^/Z2 orbifold in Section 3. We will 
use these results in the next chapter when we discuss orientifolds of type IIB. In 
Section 4 we discuss gauge and gravitational anomalies in field theory, showing that 
two-dimensional consistency {i.e. modular invariance) of closed superstring theories 
always gives rise to low-energy effective actions that are anomaly-free. Finally, in 
Section 5 we introduce the concept of D-branes and describe how the various super- 
symmetric string theories can be connected at the non-perturbative level by dualities. 
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2.1 The spectrum of closed oriented superstrings 

Before considering superstrings, we present an introduction to the bosonic string 



1^, |T^. The action for a bosonic string in flat space-time is 

S = / d'^^g^f^d^X'^d^X-^T]^, , (2.1) 

where X'^(^) are the coordinates of the string in D space-time dimensions and 
{a = 1, 2) parametrize the world-sheet, whose metric is gaf3, and a' is a dimensionful 
constant, related to the string tension by T = The field equation for the metric 
implies that the energy momentum tensor 

T^I3 = daX^d^X^ - ]^g^pd^X^d^X^ (2.2) 

vanishes, while the field equation for X^ is 

dc.{^g''^dpX^^) = Q . (2.3) 

In two dimensions, one can use reparametrization invariance to prove that every 
metric is conformally equivalent to the flat metric. With = (t, a), eq. ( p.3|) 
reduces to the standard wave equation 

' ^X^ = , (2.4) 



and for a closed oriented string, with the periodicity condition X^(r, a) = X^{t, a 
27r), this equation has the solution 



2 n=^0 



n ^—m(T—a) _|_ n ^—m(T+a) 

n n 



(2.5) 



The quantization condition for X results in the commutation relations 

= n5m+nfir]'"' , ["m, "n] = n5m+n,oV'"' (2-6) 

for the expansion modes, that thus behave like creation and annihilation operators. 

In fact, the original invariance under Weyl rescalings and reparametrizations 
leaves a residual gauge symmetry that corresponds to arbitrary (anti) analytic repara- 
metrizations, and can be used to eliminate the oscillators in the + direction, where 
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— {X^±X^ ^)/2. In this light cone gauge, the Virasoro operators, i.e. the modes 
of the energy-momentum tensor, are written in terms of the transverse oscillators as 

^ n 

Lm^\:Y.<-n<-- ■ (2-7) 

The Lm and L„i are mutually commuting, and they satisfy the Virasoro algebra with 
central charge c = D — 2: 

D — 2 

[Lm, !/„] = (m - n)Lm+n H ^^m(m^ - l)Sm+n,o ■ (2.8) 

The zero modes Lq and Zq define the mass-shell condition for physical states, 

where the shift originates from the normal ordering of Lq and Lq, together with the 
level- matching condition Lq — Lq. This relation determines the dimension of space- 
time: a Lorentz invariant spectrum is obtained with D — 26, with a massless first 
excited level, aLiCtiilOO), corresponding to ametric fluctuation /i^,^, an antisymmetric 
tensor S^,^ and a scalar 0, called the dilaton, whose vacuum expectation value weights 
the perturbative expansion. The ground state of this model is a tachyon. 
We can now analyze the supersymmetric version of the string action, 

5 = / {d^x^d^x^rj^, + irrd^rv^..) , (2.10) 

where the ip^s are Majorana spinors whose mode expansion is 

fA^fe-^''^^-^) + A(fe-^^(^+'^)l , (2.11) 

V2 r 

and where the oscillators A satisfy the anticommutation relations 

{X'^,X:} = -r''Sr+s . (2.12) 

Actually, the periodicity of the currents of space-time symmetries is guaranteed if ip 
is periodic or antiperiodic, i.e. if r is integer or half- integer. The Ramond (R) sector 
corresponds to integer r, and the anticommutation relations for the zero mode Aq 
give rise to the Clifford algebra, resulting in a fermionic vacuum. The Neveu-Schwarz 
(NS) sector, on the other hand, corresponds to half-integer r, so that there are no 
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zero modes, and the vacuum is a scalar. The dimension of space-time is determined 
iohe D — 10 requiring Lorentz invariance of the spectrum, while the super- Virasoro 
modes assume the form 

<-n< +\ - m)Kn-rK ^ +5m,oA , (2.13) 

^ n ^ r 

where the normal-ordering shift is — | in the NS sector and vanishes in the R sector. 

In the next section we will determine the spectrum of superstring theories from the 
analysis of their partition functions. Consistency at the one loop level imposes a suit- 
able projection of the states, so that the spectrum one ends up with is supersymmetric 
and free of tachyons. This projection selects two different ten-dimensional theories of 
oriented closed strings, type IIA and type IIB, whose massless sectors correspond to 
the field contents of 2a and 26 super gravities, respectively. There is another consis- 
tent model that can be built, the heterotic string, a closed oriented string whose left 
movers are bosonic and right movers are supersymmetric. The spectrum of the the- 
ory has J\f — 1 supersymmetry, and at the massless level it contains the supergravity 
multiplet plus vector multiplcts, while consistency imposes that the gauge group be 
SO (32) or EsX Eg. Actually, we will see that consistent non-supersymmetric models 
can be generated as well, but the corresponding spectra contain tachyons. 

The perturbative spectra of these theories consist of a finite number of massless 
particles, as well as an infinite tower of massive excitations, with masses proportional 
to the string tension. Since this is the only scale in the theory, and the massless 
degrees of freedom always contain a graviton, this string scale must be naturally of 
the order of the Planck scale. The effective theory for the massless modes results from 
integrating all the massive ones, and since the expansion in derivatives is suppressed 
by powers of E/M, where E is the energy scale we are considering and M is the 
string scale, we expect that at low energy only two-derivative terms are relevant. 

There are two ways to compute the effective action for the massless modes. The 
first consists in computing the S- matrix elements in string theory, and then extracting 
the low-energy limit. The second consists in studying string propagation in a curved 
background, and determining the equations for the background fields imposing con- 
formal invariance of the world-sheet action. In theories with 32 or 16 supercharges, 
the low-energy effective action is also completely constrained by supersymmetry. The 
end result is that the low-energy effective actions of type IIA and type IIB superstrings 
are respectively 2a and 26 supergravity in the string frame, while the low-energy ef- 
fective action for the heterotic string is jV = 1 supergravity coupled to SO{?>2) or 
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Eg X Eg vector multiplets in the heterotic string frame (see Section (1.4)). In the case 
of type I, that we will analyze in the next chapter, the low-energy effective action is 
A/" = 1 supergravity coupled to 5*0(32) vector multiplets in the type I string frame. 
The reason for the dilaton dependence of the massless string fields in the various 
models is that the coupling constant regulating the loop expansion in string theory 
is the exponential of the vacuum expectation value of the dilaton. 

2.2 Partition function for closed oriented strings 

The one-loop partition function measures the vacuum energy F of a given theory. For 
the simple case of a free scalar field of mass M in D dimensions, it is given by 

= J [D(t)]e-^^ ~ det"5(-A + M^) (2.14) 

where Se is the euclidean free-field action. The M dependence of F can be extracted 
from the identity 

log detv4 = - / -tr(e-*^) (2.15) 
where e is an ultraviolet cutoff and t is a Schwinger parameter. The result is 

2 Je t J {2tt) 

where V denotes the volume of space-time, and performing the gaussian integral 
yields the final expression 



^ = - I ^e-^''' I iSne-'^' , (2.16) 



V dt 



e"*^^ (2 17) 

2(47r)^/2ye t«/2+i ■ ^ ' 

Generalizing this result in order to include generic Bose and Fermi fields, one obtains 

^*°*=2(4^/ ' ^2.18) 

where Str counts the multiplicities of the fields, with a minus sign in the case of 
fermions, on account of the Grassmann nature of the fermionic path integral. From eq. 
( |2.18|) it follows that F vanishes identically for supersymmetric models. Nevertheless, 



also in this case one can read from its integrand the masses and multiplicities of Bose 
and Fermi fields independently. 

We now want to derive the vacuum amplitude for oriented closed strings. As 
a starting point, consider the closed bosonic string m D = 26, whose spectrum is 
encoded in 

= -iL^ + U-2) , (2.19) 
a 
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together with the level-matching condition 



Applying eq. (|2.18| ) in this case gives 



V 



ds 



2(27r)i3 

Defining the "complex" Schwinger parameter 



-^tr(e"^^^«+-^'^"^)*e^''*(^'^"'^°^'') 



T = Ti+iT2 = s + 



it 

Ct'TT 



and denoting 



eq. ( p^.21[ ) then takes the form 

V 



2(47r2a')i3 



q = e 



dTi 



2iviT 



^ ^2 



^tr qLo~iqLo-i 



(2.20) 
(2.21) 

(2.22) 
(2.23) 

(2.24) 



In order to compute this vacuum ampitude, we should recall that Lq and Lq are 
effectively number operators for two infinite sets of harmonic oscillators, and in terms 
of conventionally normalized creation and annihilation operators, for each transverse 
space-time dimension we have 



Thus, for any mass-level k, we have 



1 ka] ai. 1 I k , 2k , 



1 



and putting all the contributions together, in the light-cone gauge, one gets 

rfV 1 1 



(2.25) 



(2.26) 



(2.27) 



where the integral is performed over the complex upper-half plane C+ and t] is the 
Dedekind function 

oo 

V{r) = q^^ WH - q^) . (2.28) 



n=l 



However, a more careful analysis of the amplitude of eq. (|2.27| ) shows that it diverges, 
since the integrand is invariant under the modular transformations 

ar + 6 



CT + d 



(2.29) 
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with ad — be = 1, and (a, b, c, d) G Z. These transformations connect different points 
in the upper-half plane, and in order to get a finite integral we have to mod it out. 
We now want to explain the origin of this invariance. 

The one-loop diagram for a closed oriented string is a torus, whose points are 
in correspondence with the points in a cell of the periodic lattice of fig. The 




Figure 2.1: Torus 

parameter r in the figure is the complex modulus (Teichmuller parameter) of the 
torus, and periodicity of the lattice means that the modulus is invariant under the 
PSL{2,Z) = SL{2, Z)/Z2 modular group, whose action on r is exactly like in eq. 
( p.29|) . This group is generated by the two transformations 

T-.T^r + l , S:t^-- , (2.30) 

T 

that satisfy the relation 

^2 = (^7^)3 _ ^2.31) 

As a result, all different values of r can be mapped by a modular transformation to 
the values within a fundamental region, for instance the region 

{-1/2 < Ti < 1/2, |r| > 1} (2.32) 

of fig. (U). 

Coming back to our amplitude, using the transformation properties of the 1] func- 
tion under S and T, 



T : r?(r + 1) = eS??(r) , ^ : r/(-l/r) = v^r7(r) , (2.33) 
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Figure 2.2: Fundamental region 



one can prove that the integrand of eq. (|2.27 ) is modular invariant. The Schwinger 
parameter r is the complex modulus of the torus, and the torus amplitude is obtained 
restricting the integration region to a fundamental region, for instance J-': 

cPt 1 1 



T 



(2.34) 



From the amplitude, one could read the spectrum just expanding the integrand of 
eq. ( p.34|) in powers of q and g, and taking only the terms containing qq because 
of the level matching condition. The factor r2~^^ comes from the integral over the 
momentum, so we have just to expand 



-[l + 24^(gg) + ...] 
qq 



(2.35) 



The first term corresponds to the tachyon, while the second corresponds to the gravi- 
ton, the 2-form and the scalar that form the massless spectrum of the bosonic string. 

Our next task is to write the torus partition function for IIA and IIB superstrings 
in ten dimensions. As we have seen in the previous section, the Virasoro generators 
in the light cone gauge have the form 



2 / J ^m—n^n 



(2.36) 



where r is half-odd integer in the NS sector and integer in the R sector. The normal- 
ordering shift is determined by the following rule: each fermionic coordinate con- 
tributes — ^ in the NS sector and ^ in the R sector while, as for the bosonic string. 
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each bosonic coordinate contributes —^2- As a result, the total shift in ten dimensions 
is — I in the NS sector and vanishes in the R sector. 

Let us first consider the NS sector. In this case the ( ant iper iodic) transverse 
fermions A* do not have zero modes, and so the vacuum is a scalar. The vacuum 
amplitude receives contributions from these fermionic oscillators, and since 

tT{qEr'-^rXr^ = J] tr (g™^ ) = Hil + q'f , (2.37) 

r r 

including the contribution of the bosonic oscillators, in this sector we have 

rr°° (1 4- 0^-1/2^8 

"'^ °' %""nL.(i-r)- ■ ^'-''^ 

In the R sector, the zero modes of the A* imply that the vacuum carries a 16- 
dimensional representation of the 5*0(8) Clifford algebra, and is thus a space-time 
spinor, like all its excitations. Consequently, the analogue of eq. ( p.38|) is 



The factor g^/^ is now absent in the denominator since, as we have seen, the R sector 
has A = 0, and so it starts with massless modes. 

In order to build modular-invariant quantities from these expressions, one has 
to suitably project the spectrum. The simplest possibility is then to project out all 
states created by even numbers of fermionic oscillators. This prescription, originally 
proposed by Gliozzi, Scherk and Olive (GSO) [|l^, has the virtue of removing the 
tachyon, giving rise to models that are supersymmetric in the target space. The 
corresponding GSO-projected NS sector is described by 

In the R sector, the GSO-projection consists in taking space-time fermions of a given 
chirality at each mass-level. Precisely, the term q^° is projected by the operator 

^(l±7n(-l)^^^'-^'-) . (2.41) 

As we will see, one can consider the case in which the left and right R vacua have 
the same chirality (type IIB) or opposite chirality (type IIA). Since 711 is traceless, 
the second term does not contribute to the vacuum energy. This simply means that 
the trace has numerically the same value if the vacuum is a left or a right spinor. 
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We now want to prove that the properly projected partition function is modular 
invariant. With this in mind, let us introduce the Jacobi theta functions 



(2.42) 



that transform under 5* and T as 



(2.43) 



Since the fcrmions A* are (anti)periodic, we are interested in theta functions with 
vanishing argument z and with a and j3 equal to and |. Denoting 

one can then define the so{2n) characters 



(2.44) 



02„ = 
^2x1 — 



2n 



91 + 92 

2ry" 
9^-92 

2r;" ' 

+ r"^];^ 

277" 

9^ - i-''9'l 
2rf' 



(2.45) 



whose transformation properties under T and 5" transformations are summarized by 



T2„ = e-^"'^/^Miag(l,-l,e 



imr/A inn/ 4 



and 



5. 



2n 





/I 1 1 


1 \ 


1 


11-1 


-1 


2 


1 -1 r'^ 


_--n 




U -1 -r" 





(2.46) 



(2.47) 



One can also prove that the theta functions with argument z = have the product 
expansions 



16 



m\8 



v''ir) "n~=i(i-g"^)« ' 
oim _ n;^=i(i + g-^/^)^ 

v''{r) g^/2n™=i(i-g"^)« 

^|(0|r) ^ n^^O-g-^^ 

r/^2(r) gi/2n;;:=i(i-g"r 



(2.48) 
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while 6 1 vanishes when evaluated at z = 0. 

Collecting all these results, one obtains that the GSO-projected torus partition 
functions 

V f d-'TiVs-Ss){Vs-Cs) 



Tr 



IIA 



are modular-invariant. Leaving the modular integration and the bosonic contribution 
implicit, one can write 

rjjB = \Vs-Ss\' . (2.50) 

As anticipated, the IIA amplitude is obtained by opposite chiral projections in left and 
right R sectors, while the IIB amplitude is obtained by the same chiral projection 
in the two sectors. As in the bosonic case, we can read the spectrum expanding 
the argument of the integral in power of q. The Og character starts at the lowest 
mass level with the tachyon and, in group theoretical language, corresponds to the 
conjugacy class of the singlet in the weight lattice. Vg starts with the massless vector 
and corresponds to the conjucacy class of the vector in the weight lattice. Finally, 
5*8 and Cg start at the lowest mass level with massless left and right-handed spinors, 
respectively. It is then straightforward to see from eqs. (|2.50|) that IIA and IIB have 



no tachyon, while their massless spectra exactly coincide with the field content of 
2a and 2b ten-dimensional supergravities. Numerically, both these amplitudes vanish 
because of super symmetry, as can be verified using the famous Jacobi's aequatio 
identica satis abstrusa, 

el -el -6^ = . (2.51) 

Actually, there are other two modular invariant partition functions one can write 
in ten dimensions, namely |2( 



%A — 


\0s 




\V8 


^ + SgCs + CgSs 


%B = 


\0s 




\V8 


\' + \Ss\' + \Cs\' 



(2.52) 

Both these theories are tachyonic and non-supersymmetric (the spectrum is in fact 
purely bosonic). We will not analyze these theories, but here we only mention that 
a suitable orientifold projection of the OB model gives rise to a spectrum without 
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tachyons in the closed sector. Moreover, the tachyon in the open sector can be 
projected out by a proper choice of the gauge group The details about how to 



build orientifold models are the subject of the next chapter. We conclude by writing 
also the partition functions corresponding to the heterotic strings in ten dimensions 
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^50(32) = (^8 - 58)(032 + ^32) (2.53) 

for the 5*0(32) case and 

TesxEs = {Vs - Ss){0,e + 5l6)(Oi6 + 5l6) (2.54) 

for the Eg x Eg case. A suitable projection of the latter model gives a tachyon- 
free string theory without space-time supersymmetry, whose low-energy limit is a 
ten-dimensional anomaly-free chiral 0(16) x 0(16) gauge theory coupled to gravity 

2.3 IIB superstring on T^/Z2 

Type IIB string theory compactified on K3 gives rise to a six- dimensional model 
with (2, 0) supersymmetry, whose low-energy effective action corresponds to (2, 0) 
supergravity coupled to 21 tensor multiplets. The (2,0) gravity multiplet contains 
the metric, two left-handed gravitinos and five self-dual 2-forms, while the tensor 
multiplet contains an antiself-dual 2-form, two right-handed spinors and five scalars. 



The couplings of supergravity to tensor multiplets were described in p4[ to lowest 

order in the Fermi fields, and then completed in p5[ to all orders in the Fermi fields. In 

this section we descibe IIB string theory compactified on a four-dimensional orbifold, 

a singular limit of K3, in which all the (infinite) curvature is localized on the fixed 

points. In particular, we will consider the orbifold T^/Z2, where Z2 changes the sign 

of all the coordinates of T^. This orbifold has 16 fixed points. We derive the torus 

partition function for this model, and in the next chapter we will use these results to 

derive the partition function for some six-dimensional IIB orientifolds. 

In order to describe the orbifold compactification, we first derive the partition 

function for IIB on T'^. When a closed string is compactified on a circle, the spectrum 

includes, in addition to the usual Kaluza-Klein momentum modes, an infinity of 

topologically distinct sectors, associated to closed strings wrapped n times around 

the circle. The mode expansion for the coordinate along the string then reads 

in 

X = X + a'— + nRa + (oscillators) , (2.55) 
it 
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where m is the KK momentum and n is the winding number. In terms of left and 
right oscillators the same expansion becomes 

1 a' 

Xl,r =2^ + -^Pl,r{t ± 0-) + (oscillators) , (2.56) 

where 

PL,R = ^±^ ■ (2.57) 

Thus, if a non-compact coordinate is replaced with a compact one, the continuous 
integration over internal momenta is replaced by a lattice sum, so that 

T-2^(g)^(g) viQMQ) 

In order to generalize this result to T^, we shall consider for simplicity the case in 
which the torus is a product of circles of equal radii and the internal NS B field van- 
ishes. In the partition function, the continuous integration over the internal momenta 
is now replaced by 

1 . V (2 59) 

where Pl,r is a 4- vector with components 

. (-0, 

Finally, we need to analyze the effect of the compactification on the fermionic oscil- 
lators. From eq. ( p.45| ) it turns out that the decomposition of the 5*0(8) characters 
in terms of ^0(4) x ^0(4) is 

5*8 = 5'4S'4 + C4C4 , 

Og = O4O4 + v^4v; , 

Cs = S^Ci + C^S^ , (2.61) 

where the second SO (4) is associated to the four compact dimensions. Collecting all 
the results, the torus partition function for IIB compactified on a flat is (again 
neglecting the measure and the non-compact bosonic oscillators) 



\r]{q)\^ 
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Applying the rules we derived in the ten dimensional case, it is straightforward to 
determine the massless spectrum: it consists of the metric, 16 vectors, 5 antisymmet- 
ric tensors and 25 scalars in the bosonic sector, and 2 Dirac gravitinos and 10 Dirac 
spinors in the fermionic sector. This is the field content of maximal six- dimensional 
supergravity, whose scalars parametrize the coset manifold 5*0(5, 5)/S'0(5) x S0{5). 

Starting from this result, we want to project out of ( |2.62| ) the states that are not 
invariant under the orbifold projection. It is convenient to define the supersymmetric 
combination of characters 



Qo — V4O4 — C4C4 , 
Qs = O4C4 — 5*404 , 



Qv — O4V4 — 5*454 
Q(, = V45'4 — O4V4 



(2.63) 



Since the internal V4 and one of the two spinorial characters, e.g. €4^, change sign 
under the orbifold projection, the Q's are eigenvectors of the Z2 generator. Moreover, 
at the massless level, |QoP contains the (2,0) gravity multiplet plus one tensor mul- 
tiplet, \Qv\'^ contains four tensor multiplets and IQsP contains one tensor multiplet. 
The result of the projection is then 



\rj\^ 



\Qo Qv\ 



2r] 


4" 


02 





(2.64) 



A straightforward analysis, using eqs. (|2.46| ) and (|2.47|) , reveals that this amplitude 
is not modular invariant. In other words, we are missing some states. More precisely, 
what we have done is just to take the untwisted states, the subset of the original 
closed string states that are invariant under the orbifold projetion. But other states 
can be added, namely the ones that correspond to a string closing up to an orbifold 
transformation. These twisted states are exactly needed to restore modular invariance 
p^ , and the modular invariant torus amplitude is thus 



2 

+16 



I Qo H" Qv I 

rt 

\Qs + Qc\^ 



27] 



+ \Qs-Qc 



V 


4" 


} 


03 







(2.65) 



Observe that the twisted sector has a multiplicity equal to the number of fixed points. 
Using the standard technique, we can then read the massless sector of this amplitude. 
The relevant terms are 



\Qo\^ + \Qv\^ + i6\Qs 



(2.66) 
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and so the massless spectrum corresponds to supergravity with 5 tensor muhiplets 
from the untwisted sector and 16 additional tensor multiplets from the twisted sector. 
As in general for K3 compactifications of type IIB, we thus obtain that the low- 
energy effective action of type IIB on T'^/Z2 is (2,0) supergravity coupled to 21 
tensor multiplets. 



2.4 Anomaly cancellation 

An anomaly is a breakdown of a classical symmetry by quantum corrections, orig- 
inated by diagrams that do not admit a regulator compatible with simultaneous 
conservation of all the attached currents. Here we are interested only in anomalies 
associated to local symmetries. Given a classically gauge invariant theory, consider 
the effective action T{A^) defined by 

e"^ = / D-^Di/je-^ , (2.67) 



obtained integrating over the matter fields ip) in the theory. Under an infinitesimal 
gauge transformation 5A^ = D^A one obtains 

5T = -tr / d^xKD^—- , (2.68) 

oA,, 



and from eq. (|2.67|) we thus read that 

5T 



Therefore eq. ( p.68|) becomes 

Ajy = 6T = -tr / d^xAD^ < > , (2.70) 



and a lack of conservation of the expectation value of the current implies that the 
effective action is not invariant under infinitesimal gauge transformations. 

Anomalous diagrams can occur only when chiral fermions (or (anti)self-dual bos- 
ons) are circulating in the loop, otherwise one can always construct a gauge invariant 
mass term that can be used as a Pauli-Villars regulator. As a consequence, we ex- 
pect to find purely gravitational anomalies (anomalies corresponding to amplitudes 
whose external fields are only gravitons) only in 2k + 2 dimensions (with signature 
(1,2 A; + 1)), since in these dimensions the charge conjugated of a chiral spinor is a 
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spinor of the same chirality (see Appendix (A.l) for details). In general, we expect 
to find anomalies only if the dimension of space-time is even. Denoting with D = 2n 
the dimension of space-time, the first parity violating amplitude that is potentially 
anomalous is a loop with n + 1 external legs. In D = 10 this corresponds to the 
hexagon diagram in fig. (p.3|). 




Figure 2.3: Hexagon diagram responsible for ten-dimensional anomalies. 

We now resume the techniques for deriving anomalies in various dimensions (see 
Refs. for reviews). The index of an operator O is defined as the difference 

between the dimension of the kernel of O and that of its adjoint. It can be proved 
that the anomaly produced by a chiral fermion is in correspondence with the index 
of the (2n + 2)-dimensional Weyl operator = 'j^D^P^, where P+ is the chirality 
projector. The Atiyah-Singer index theorem relates the index of -D+ on a manifold 
M to topological invariants of the bundle: 

ind iD+ = f [A{M)ch{F)Ui , (2.71) 

JM 

where A{M) is the Dirac genus (or A-roof genus) of M and ch{F) is the Chern 
character. They are defined by 

ch{F) = tre^^ , (2.72) 

where Xa are the skew-eigenvalues of the curvature on M. Analogously, the index of 
the Rarita-Schwinger operator is given by 

md tD3/2 = f [A{M){ch{R)-l)ch{F)U , (2.73) 

JM 
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while the index for self-dual antisjTumetric tensors is given by 

ind iDs = \ I [L{M%oi , 
where L{M) is the Hirzebruch polynomial, defined by 

Xa/2 



L{M) = T n 



tanh(xa/2) 



(2.74) 



(2.75) 



we will need in the following the expansion of A and L with respect to the traces of 
the curvature: 



A{M) 



L{M) 



1 



1 1 



(47r)2 12 



1 



(4vr) 



^(tr/?2)2 + ^tr/2^' 
288^ ' 360 



+ 



(4vr) 



128 ■ 81 



16 ■ 270 



90-63 



+ ... 



1 1 



(27r)2 6 



tri?^ + 



1 



(2vr) 



72^ ' 180 



+ 



(27r) 



^ (tri?2)3 + _JLtri?2tri?^ - r^tri?'^' 



1296 



1080 



2835 



+ 



(2.76) 



The anomaly polynomials 



Ii/2{R,F) = [A{M)ch{F)] D+2 , 
h/2{R) = [AiM){ch{R) - 1)] 

D+2 



MM)] 



D+2 



(2.77) 



are closed (D+2)-forms, and locally determine a (D+l)-form whose gauge transfor- 
mation is exact: 



Id+2 — dlo+i 
SaId+1 



(2.78) 



The anomaly is finally determined as the D-dimensional integral of the form I^. 

In ten dimensions, the anomaly originates from a 12-form, and an analysis of 
the previous results shows that the anomaly polynomial exactly cancels for a theory 
containing a complex left-handed gravitino, a complex right-handed spinor and a 
self-dual 4-form. This is exactly the chiral content of 2b supergravity, so that the 
effective action of type-IIB string theory turns out to be anomaly-free ^9 . 



We now consider (2, 0) supersymmetric models in six dimensions. In this case the 
chiral content corresponds to two left-handed gravitinos and five self-dual 2-forms 
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from the gravity multiplet, as well as n antiself-dual 2- forms and 2n right-handed 
spinors from n tensor multiplets. The cancellation of the anomaly polynomial 8-form 
implies n = 21 that as we have seen in the previous section is exactly what one 
obtains compactifying type IIB on K3. 

Now we consider ten-dimensional (1,0) supergravity coupled to Yang-Mills vector 
multiplets. In this case the chiral content of the theory is a left-handed Majorana 
gravitino and a right-handed Majorana spinor from the gravity multiplet, and a left- 
handed Majorana gaugino in the adjoint of the gauge group from the vector multiplet. 
The 12-form anomaly polynomial is proportional to 

496 -n , 224 + n , . 64 - n , .,3 



:tTR' ' iiRhiR' {iiW 



128-2835 256-1080 512-1296 
^ -TrF^ + -J—TiFhiR^ ^ TrF^tr/?^ - —TiF^{iiR^f{2.1^) 



720 24-48 256-45 192 

where Tr is the trace in the adjoint representation and n is the dimension of the gauge 
group. Imposing n = 496 cancels the irreducible term tiR^, and we are left with the 
residual anomaly polynomial 

-tri^^tri?^ + — (tri?2)3 _ ^TrF^ 
8 32^ ^ 15 

+— TrFVi?^ - — trF^tri?^ - —TrF^itiR^? . (2.80) 
24 240 192 ^ ^ ^ ^ 

The result of is that for the gauge groups 5*0(32) and Eg x Eg this residual 
anomaly polynomial factorizes into the product of a 4-form and an 8-form. In the 
5*0(32) case the result is 

(tri?2-trF2)(trF^--tri?VF2 + -tri?^ + — (tri?2)2) . (2.8I) 

8 8 32 

Adding to the low-energy effective action the term 

B A (trF^ - ^tri^^trF^ + ^tri?^ + ^{tiR^f) , (2.82) 
8 8 32 

and demanding that under gauge and Lorentz transformations B transform asQ 

6B = LJ2XM - ^2,L , (2.83) 

where uj2 is determined from the Chern-Simons 3-form by duj2 = Sues, the total 
anomaly exactly cancels. This is the celebrated Green-Schwarz mechanism |Q, that 



^The first term on the right-hand side of eq. ( 2.83| ) is already determined by supersymmetry, as 
was shown in the first chapter. 
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guarantees consistency of the low-energy effective action for both heterotic and type I 
in ten dimensions. It corresponds to the cancellation of part of the anomaly resulting 
from the hexagon diagram of fig. (|2.3|) against the anomalous contribution coming 
from the tree-level amplitude of fig. 




B 




Figure 2.4: Anomalous diagram responsible for the Green-Schwarz mechanism 

We finally consider M = (1,0) supersymmetry in six dimensions, whose multiplets 
are the gravity multiplet, containing the metric, a self-dual 2-form and a left-handed 
gravitino, the tensor multiplet, containing an antiself-dual 2-form, a scalar and a right- 
handed spinor, the vector multiplet, containing a vector and a left-handed gaugino, 
and the hypermultiplet, containing four scalars and a right-handed spinor (we will 
analyze in detail the couplings of these multiplets in Chapter 4). From eq. ( p.77|) we 
can read the 8-form anomaly polynomial corresponding to supergravity coupled to ut 
tensor multiplets, ny vector multiplets and riu hypermultiplets, and the cancellation 



of the coefficient of the irreducible term iiR implies the condition [31 



273 - 29nT + ny-niy = 



(2.84) 



In the next chapter we will analyze the reducible part of the anomaly polynomial 
both for the heterotic string compactified on K2) and for six-dimensional type-IIB 
orient if olds. 



2.5 D-branes and dualities 

All the theories of oriented closed strings we have analyzed so far have in the mass- 
less spectrum a 2-form coming from the NS sector. Oriented closed strings, in fact, 
are precisely the sources for this field, as electrically charged particles are sources 
for vector potentials. One can then ask which are the objects that are charged with 
respect to the R-R forms present in type IIA and type IIB. The nature of these 
objects is non-perturbative, since there are no states belonging to the perturbative 
spectrum of string theories that are charged under R-R forms, and they result to be 
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defined as hyper-planes on which open strings can end ||32|. More precisely, the exci- 
tations of these p- dimensional extended objects are open strings that satisfy Dirichlet 
boundary conditions in the 9-p directions orthogonal to them, and for these reason 



these objects are called D-branes ||3^. As a consequence type IIA and type JIB, 
that at a perturbative level are theories of oriented closed strings only, admit non- 
perturbative open-string excitations. Moreover, analyzing the spectrum of the two 
theories, one sees that type IIA contains D-branes with an even number of spatial 
directions, while type IIB contains D-branes with an odd number of spatial direc- 
tions. The non-perturbative origin of these branes is manifest if one consider that 
in the string frame they have tensions inversely proportional to the string coupling 
constant, and so they disappear from the spectrum at weak coupling. Finally, their 
super symmetric nature corresponds to the fact that these objects correspond to BPS 
solutions of the low-energy supergravities, while their supersymmetric world-sheet 
action contains the Born-Infeld action and Wess-Zumino terms of the type 

+ + , (2.85) 

p+i 

that naturally couple the brane to the R-R potentials. In the low-energy limit, these 
objects decouple from gravity, and the resulting action is supersymmetric Yang-Mills 
theory. In the case of coincident D-branes, the resulting gauge group is U{N) (we 
will see in the next chapter that if the open strings are not oriented, the gauge group 
can be orthogonal or symplectic |3^, 



In analyzing IIB supergravity, we showed that the scalar manifold has an SL{2, R) 
isometry, that is a symmetry of the low-energy theory. In the full non-perturbative 
string theory the discrete subgroup SL{2, Z) survives ||36|, and the theory manifests 
an S-duality, acting on the scalars (see eq. (|1.81|) ) as 

aw + h , , 

w^^— , 2.86 

cw + a 

with w = p+ie^, where is the dilaton and p the R-R scalar. This discrete symmetry 
is non-perturbative, as can be seen from the fact that it inverts the coupling, and 
this is why it is not manifest if we express the low-energy action in the string frame 
(see Section (1.4)). For instance, this symmetry justifies the presence of a Dl-brane 
in the non-perturbative spectrum of type IIB: in the dual description, this Dl-string 
becomes fundamental. Another remark concerning type IIB has to be made: in the 
non-perturbative spectrum, a space-time filling D9-brane is also present. This object 
has no dynamics, but his role will appear to be relevant in the next chapter. 
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Having shown that type IIB is self-dual, so that the theory has the same form at 
strong and at weak coupling, we want to see what happens to type IIA at strong 
coupling. In Section (1.4) we have shown that dimensional reduction of eleven- 
dimensional supergravity gives rise to IIA supergravity. In particular, in the string 
frame the relation between the compactification radius and the string coupling con- 
stant is 

R = gT , (2.87) 

and this relation shows that, for generic values of the dilaton, the type-IIA string 
manifests a perturbatively hidden eleventh dimension [R^. The strong coupling limit 



develops this extra dimension, resulting in an eleven-dimensional theory, called M- 
theory [^, The low-energy action of M-theory is eleven-dimensional supergravity, 
and the presence of a 3-form potential suggests that the complete theory describes 
an M2-brane and a dual M5-brane. Even if this theory is not known, some higher 
derivative couplings can be deduced by supersymmetry and by anomaly considera- 
tions. Consider as an example the Wess-Zumino term AAFAF of eleven-dimensional 
supergravity. This term is gauge invariant in the absence of M5-branes, but if an M5- 
brane, a magnetic source for the 4-form field strength, is present, the Bianchi identity 
dF = must be replaced by dF = 6^{x — x*), where x's are the directions orthogonal 
to the M5-brane, and the Wess-Zumino term is no more gauge invariant. The resulting 
anomaly produced in the bulk gravity action exactly cancels the anomalous contri- 
bution from the Wess-Zumino term (analogous to eq. ( |2.85| )) in the M5-brane action. 
This anomaly inflow mechanism ||39[ , in which the anomaly in the bulk generated by 
a source is canceled by the anomaly on the brane |^0[ , also applies to higher derivative 
gravitational anomalies, and can be used to determine higher derivative couplings in 
the low-energy supergravity action. The Kaluza-Klein modes of the compactification, 
that with respect to the eleven-dimensional metric have masses proportional to 1/R, 
in the string metric have masses of the order of e-^/^^ / R = l/gA l^, and are DO- 



branes in the ten-dimensional theory. An M2-brane wrapped around the circle gives a 
string in ten dimensions, and it can be shown that its tension in the string frame does 
not depend on the dilaton, as pertains to a fundamental object, while an unwrapped 
M2-brane is a D2-brane, whose tension again scales like I/qa in the string frame. 
Finally, M-theory compactified on /Z2 corresponds to non perturbative x E^t, 
heterotic string, where again the ten-dimensional dilaton is related to the length of 



the interval [41|. We will return to this identification in the next chapter. 
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This chain of duahties relating various theories in different regimes becomes richer 
and richer in lower dimensions. In this respect, all known (supersymmetric) string 
theories represent different charts of a moduli space of an unknown more fundamental 
theory, while the duality relations are transition functions between different charts. 



We will not describe all these duality relations in this Thesis, see for instance p2| , |43 
for reviews. 



Chapter 3 
Open strings 



In this chapter we want to describe how to construct type-I models. The basic idea 
is that these models are generalized orbifolds (orientifolds) of type IIB superstrings 



IJ, More precisely, if we denote with f2 the operation that exchanges left and 



right oscillators, the basic relation is 

Type - I = (Type - IIB) /n . 

In the last chapter we have seen how to write the one-loop partition function for 
closed oriented superstring theories. The Q operation is implemented on the torus 
partition function projecting out of the spectrum the states that are not invariant 
under left-right exchange. This corresponds to substituting to the torus amphtude, 
that is a closed oriented string loop, the halved sum of the torus amplitude and the 
Klein bottle amplitude, in which a closed string flips its orientation before closing 
the loop. We have seen in the previous chapter that in order to restore modular 
invariance in orbifold compactifications of closed oriented strings, one has to add to 
the untwisted sector (corresponding to the closed spectrum projected by the orbifold 
operation) the twisted sector, corresponding to the spectrum of strings that close only 
after the orbifold operation. In the construction of type-I models, one encounters a 
similar problem: the unoriented closed spectrum is typically inconsistent, and the 
inconsistency manifests itself by the appearence of tadpoles, that correspond to gauge 
and gravitational anomalies in the low-energy effective action. In order to cure this 
problem, one has to add a suitable open sector. 
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In Section 1, we will derive the one- loop partition function for the ten-dimensional 
5*0 (32) type-I superstring. In Section 2 we will see that a different orientifold projec- 
tion of type IIB in ten dimensions results in a consistent non-supersymmetric model 
which is free of tachyons, and whose gauge group is USp{32). Actually, the closed 
spectrum of this model is supersymmetric, and supersymmetry is only broken in the 
open sector. We will then describe in Section 3 how to obtain six-dimensional type-I 
models as IZ2 orientifolds of type IIB. Also in six dimensions one can construct 
consistent non-tachyonic models in which supersymmetry is broken in the open sec- 
tor. Section 4 is devoted to a discussion of anomaly cancellation in type-I models, 
and finally in Section 5 we will discuss of general features of six- dimensional models 
that will be relevant for the following chapters. 

3.1 The ten-dimensional 50(32) type-I superstring 

In this section we describe how to obtain the 5*0(32) type-I model as an orientifold 
projection of type IIB. Since type IIB is invariant under fi, the operation that ex- 
changes left and right moving oscillators, we can project out all states that are not 
invariant. This projection is realized at the level of the partition function by 

T^i(T + /C) , (3.1) 

where /C is the Klein bottle amplitude, correspinding to a closed string that flips its 
orientation before closing the loop (see fig ( p.l|) ). The Klein bottle is obtained from 
the torus by the anti-conformal involution 

Z^\-Z^iT2 , (3.2) 

compatible with the periodicity of the lattice only if r is purely imaginary. The final 
result is that the Klein bottle amplitude (we omit the overall constants) 

2io r| r/8(2ir2) ^ ' 

depends naturally on 2zr2, the modulus of the doubly covering torus of fig. (|3.1| ). 
From the torus and Klein bottle amplitudes we can read the spectrum: at the massless 
level, in the NS-NS sector we are projecting out the 2-form, while in the RR sector 
we are projecting out the self-dual 4-form and the scalar. We are thus left with the 
metric, the dilaton and the RR 2-form. In the fermionic NS-R and R-NS sector. 



3.1 Ten- dimensional SO (32) type- 1 super string 
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the Klein bottle does not introduce new states, so the projection just halves the 
number of spinors, and the end result is the field content of A/" = 1 ten dimensional 
supergravity, discussed in Section (1.4). 

While the torus amplitude has no ultraviolet divergence, since modular invariance 
removes the dangerous region from the integral, the Klein bottle is not modular 
invariant, and it manifests a divergence for small values of T2 that we want to analyze. 
Performing an S transformation —>■ I/T2, where iT2 is the complex parameter of 
the doubly covering torus, the one loop amplitude is mapped to a tree level amphtude, 
in which a closed string bounces between two crosscapsQ. The end result is that eq. 
( |3.3|) becomes the transverse-channel amplitude 



while the ultraviolet divergence in the direct channel becomes an infrared divergence 
in the transverse channel, generated by massless closed-string exchanges between 
the two crosscaps. From a target space point of view, this can be interpreted as 
closed-string tree-level scattering between two orientifold planes, extended objects 
that invade all the nine spatial dimensions, changing the orientation of the strings 
they interact with. In this sense, if the massless particle that bounces between the 
two 09-planes is the graviton or the dilaton, the transverse amplitude is proportional 
to the square of the tension of the 09-plane, while if the particle is the RR 10-form 
(a 9-plane can be charged with respect to a 10-form) this amplitude is proportional 
to the square of its charge. The overall tension and charge determine the NS and RR 
tadpoles, whose values can be read from (|3.4|) . In particular, the presence of a RR 
tadpole makes the model inconsistent, since it corresponds to an overall charge that 
fills the whole space. 

In order to cure this divergence, one adds D9-branes, i.e. the open sector. The 
one-loop annulus amplitude is 

^_N' rdr2 {y,-S,){ir2/2) 

^" 2 io r| r^\iT2/2) ' ^^'''^ 

where the multiplicity of the Chan-Paton charge is associated to the number of D9- 
branes, and ir2/2 is the modulus of the doubly covering torus of fig. ( p.l|) . Performing 
the VL projection, we then obtain the Mobius strip amplitude, corresponding to an 



crosscap can be considered as a boundary with opposite points identified. 
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open string that flips its orientation before closing the loop. The resulting amplitute, 



2 JO T2 



dT2{Vs-Ss){lT2/2 + l/2) 



r}8(zr2/2 + l/2) 



(3.6) 



is written in terms of the "hatted" character^, and e = ±1. The argument ir2/2 + l/2 
is again the modulus of the doubly covering torus, as can be deduced from fig. (|3.1|). 






Moebius strip 



Klein bottle 



Annulus 




Figure 3.1: Mobius strip, Klein bottle and annulus 



We now want to write the same amplitudes in the transverse channel. In the 
case of the Mobius amplitude, it is important to observe that since the parameter 
of the doubly covering torus has a real part, the modular transformation connecting 
direct and transverse Mobius amplitudes is no longer an S transfromation, but the 

^Given the character xil) = l^^'^^'^^Ylik'^^q^ ^ ^"^^ introduces a real hatted character x(«r2 + 
1/2) = q^~''''^^Y.ki~'^fdkq^^ whcYC q = e^^Trr^^ ^-j^^^^- jjjffgj.g ^j.^^^^ ^(j^^ _^ 1^2) by the phase 

g-i7r(h-c/24) 



3.1 Ten- dimensional SO (32) type- 1 super string 
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transformation 



2 2 



1 1 
- + 1 — 

2 2t2 



(3.7) 



The operator that reahzes this transformation on the hatted characters is then 

P = T^/^ST^ST^/^ , (3.8) 



and the end result is 



XV8-Ss){tl) 



/o ri^{tl) 



M 



2 

2 Jo 



fj^iil + 1/2) 



(3.9) 



We interpret these transverse amphtudes as tree-level amplitudes for closed strings 
bouncing between two boundaries or between a boundary and a crosscap. The request 
that the orientifold plane and the D-brane have opposite charge corresponds then to 
e = — 1, while the consistency of the model is finally guaranteed imposing the tadpole 



cancellation condition (fig. (|3.2|)) |]46| 



25 ^ -2N = 2-%N - 32)^ 



(3.10) 



that selects = 32. This condition actually cancels both the RR and the NS 
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Figure 3.2: Tadpole cancellation 



tadpoles, so that the resulting configuration has zero charge and zero tension. This 
corresponds to the fact that the orientifold plane involved, 0_, has negative tension 
and negative charge. From the amplitudes (|3.5| ) and (|3l6| ) in the direct channel we 
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can finally read the spectrum: at the massless level, we have N{N — l)/2 vectors and 
A^(A^ — l)/2 spinors, corresponding to the ten-dimensional A/" = 1 vector multiplet of 
gauge group 50(32). From the results of the previous chapter we can then conclude 
that tadpole cancellation reflects the absence of anomalies in the low-energy effective 
action . 



3.2 Ten-dimensional USp(32) type-I string 

The 5*0 (32) model can be modified adding brane-antibrane pairs. Denoting with 
and iV_ the number of D9 and D9 branes, we obtain the transverse amplitudes 

A=^[iN^ + N_yVs-{N^-N^YSs] , 

M = -'^[{N+ + NJ)Vs-{N+-N_)Ss] . (3.11) 

RR tadpole cancellation requires 

N+ = 32 + N_ , (3.12) 

so that this model corresponds to adding brane-antibrane pairs to the stable 
configuration of 32 branes. From the direct channel amplitudes 

A=^[{Nl + Nl){Vs-Ss) + N^N40s-Cs)] , 

M = -^[iN+ + N_)V8-iN+-N_)Ss] (3.13) 

we derive the open spectrum, that corresponds to the gauge group 5*0(32 + A^_) x 
50(A^_), where the first gauge factor is supported on the branes and the second on 
the anti-branes. The spinors in the 9-9 sector are in the adjoint representation of 
50(32 + A^_), while the spinors in the 9-9 sector are in the symmetric (reducible) 
representation of SO{N_). The presence of the tachyon reflects the instability of the 
vacuum 
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One can actually consider a different orientifold projection, induced by 0+ planes, 
with positive tension and positive charge. This is obtained changing the sign of the 
transverse Mobius amplitude in eq. ( |3.11| ), while RR tadpole cancellation implies in 



this case 

iV_ = 32 + A^+ . (3.14) 



3.3 Six- dimensional type-I models 
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From the amplitudes in the direct channel, we then read the massless spectrum: the 
gauge group is USp{32 + N^) x USp{N+), while the spinors in the 9-9 sector are in 
the adjoint representation of USp{N^) and the spinors in the 9-9 sector are in the 
antisymmetric (reducible) representation of USp{32 + Observe that this 

model is consistent only for an even number of brane-antibrane pairs, since only in 
this case a non-degenerate symplectic form exists. For the particular value = 0, 
the spectrum does not contain a tachyon, and so the model could be considered 
stable from this one-loop analysis, even if the NS tadpole, corresponding to a dilaton 
potential, changes the vacuum. The resulting open spectrum is non-supersymmetric. 
We will analyze the low-energy action for this model in Chapter 5. Finally, it is 
important to observe that all the models mentioned in this section are anomaly-free 
Q, as can be checked analyzing their chiral field content. 

3.3 Six-dimensional type-I models 

In Section (2.3) we have derived the partition function for type-IIB theory compact- 
ified on T'^/Z2- Here we want to analyze the corresponding type-I models. 

Six-dimensional orientifold projections result in general in the introduction of 
05-planes, in addition to the 09-planes present in the ten-dimensional models. In 
supersymmetric models, both the tension and the charge of the 09_ and 05_ planes 
are canceled by a suitable configuration of D9 and D'b branes. In Z2 orbifold com- 
pactifications, and in general for orbifolds with order-two group generators, one has 
the option of antisymmetrizing some twisted sectors or, equivalently, of inverting ten- 
sions and charges for the corresponding 05-planes. This requires that D9 branes be 
accompanied by suitable stacks of Z)5 branes, with a resulting brane supersymmetry 
breaking Concentrating on the torus partition function of eq. (|2.65| ), describing 



IIB compactified on T^/Z2, two choices for the unoriented projection compatible with 
the crosscap constraint of ||5^ are described by 

/C = ^{ ( + ) (P + W^) + 2e X 16 ( a + a ) I , (3.15) 

where P (W) indicates the momentum (winding) lattice sum and e = ±1. At the 
massless level, e = 1 gives = (1,0) supergravity with 1 tensor multiplet and 20 
hypermultiplets, while e = — 1 gives = (1, 0) supergravity with 17 tensor multiplets 
and 4 hypermultiplets. These closed spectra are both supersymmetric, but the latter 
projection introduces 09+ and 05_ planes, and this leads to an open sector with 
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brane supersymmetry breaking. This is clearly spelled by the massless contributions 
to the transverse Klein-bottle amplitude, that can be read from 

^0 = ^{ Qo ( v^ + e-^ )' + g, v^-e-^ I , (3.16) 

where v = det g / {a')'^ is the internal volume. The reflection coeflicients are inter- 
changed in the two cases: e = 1 corresponds to the introduction of 09_ and 05_ 
planes, both with negative tension and negative charge, while e = — 1 corresponds to 
the introduction of 09- and 05+ planes, where the 05+ planes have positive tension 
and positive charge. We now want to describe the open sector that gives rise to RR 
tadpole cancellation. 

For e = 1, the simplest choice corresponds to placing all branes at a single flxed 
point. The corresponding annulus amplitude is 

A = \[{Qo + Q.){N'P + D'w) + iRl + Rj,)(^^'^' 

+ 2ND{Q, + Q,)(^^y + 2RNRniQs-Qc)l^0] , (3.17) 

where N and D count the multiplicities of the string ends with Neumann and Dirichlet 
boundary conditions, and Rn and Rd deflne the orbifold action on the Chan-Paton 
charges. In the present example, these are associated to the D9 and D5 branes that 
have to be present to cancel the RR tadpoles. The massless contributions to the 
transverse annulus amplitude can be read from 




+ Q,[15R% + {RN-^RD?]+Qc[15R% + {RN + ^RDY]j ■ (3.18) 

Analyzing this expression, one can deduce that, for the untwisted contributions, the 
CP multiplicities and D determine the overall numbers of D9 and D5 branes. 
The structure of these terms matches precisely the corresponding contributions of 
09 and 05 planes in eq. (|3.16|) with e = 1. The additional terms are associated to 
the exchange of twisted closed-string modes, and encode the geometry of the branes 
sitting at the flxed points. In this case, where all the D5 branes are at the same flxed 
point, these tadpole terms account precisely for the 15 flxed points seen only bt the 
space-flUing D9 branes, as well as for the additional single flxed point where also D5 
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branes are present. From eqs. (|3.16|) and ( p.l8| ) one can deduce the massless part of 
the transverse Mobius amphtude, 



D 



(3.19) 



and tadpole cancellation requires N = D = 32 and Rn = Rd = 0. In order to 
read the open spectrum, we have finally to derive the Mobius amplitude in the direct 
channel. This is obtained performing a P modular transformation on the complete 
transverse Mobius amplitude, and the final result is 



M = -^(^{Qo + Qv) {N P + DW)-iN + D){Qo - Q.) 
The proper parametrization of the Chan-Paton multiplicities. 



(3.20) 



N = n + n , 
Rn = i(n — n) 



D = d + d , 
Rd = i{d — d) 



(3.21) 



with n = c? = 16, identifies the gauge group t/(16) x t/(16) |4^, where one 
gauge factor lives on the branes and the other on the Db branes. Together with 
the vector multiplets associated to this gauge group, the massless open spectrum 
contains charged hypermultiplets in the (120 + 120, 1) and (1, 120 + 120) coming 
from DD and A^A^ strings, and charged hypermultiplets in the (16, 16) coming from 
ND strings. As in the ten-dimensional case, the RR tadpole cancellation implies, as a 
consequence of supersymmetry, that the NS tadpole cancels as well. A more general 
case, where the branes are distributed in the 16 fixed points, can be analyzed 
following the same technique. One can also consider a situation in which pairs of 
image branes are moved away from the fixed points [5T|. While the Db branes 
sitting at the fixed points lead to unitary gauge groups whose rank is determined 
by their total number, the remaining branes lead to symplectic gauge groups 
whose rank is determined by the number of displaced pairs. Other models can be 
obtained turning on an internal quantized Bab-, or by non-geometric orbifolds: these 
models typically have several tensor multiplets in the closed spectrum [|^, |5^, |53|, a 



characteristic that makes these orbifold constructions quite peculiar with respect to 
heterotic models, where the spectrum can only contain a single tensor multiplet at 
the perturbative level. 
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Coming back to the Klein-bottle amplitude of eq. (|3.15| ), for e = —1 all R-R 
tadpoles can be canceled by 32 D9 branes and 32 D5 branes, since the latter indeed 
revert all the 9-5 R-R contributions to the transverse-channel annulus amplitude. 
The resulting transverse annulus amplitude is 

A = — { ( ViOi + 04^4 - ^45*4 - C4C4 ) ( N'^vW + 

4 1 \ V 

'2r, 

^ \ 2 



+ 2ND ( V^Oi - OiVi - S^Si + C4C4 ) TP 
+ 16 ( O4C4 + V^S^ - SiOi - CiVi ) (rI + R 



LTV "T 

+ SRnRd ( V^S^ - O^C^ - S^O^ + C^Vi ) (|- )' } , (3.22) 

and from K, and by standard methods, it is straightforward to obtain the open 
spectra, encoded in the direct-channel amplitudes 

A = \ { { ViOi + O4I4 - ^4^4 - ) ( N^P + D'^W ) 



4 



+ 2ND ( 04^4 + V^d - C4O4 - SiV^ {-f)^ 
+ {Rl + Rl){ ^4^4 - 04^4 + 545-4 - C4C4 ) { 



'2 

2 



+ 2RmRd ( ^4C4 - 04^4 + S^Vi - C4O4 ) ( f ) } (3-23) 



and 



M= - \ { NP { O4I4 + '^4^4 - ^4^4 - C4C4 



4 

DW ( diVi + ^4^4 + ^4^4 + CiCi 



N ( 04^4-1404-^4^4 + ^4 ; 

D ( d4V^4 - + 54^4 - O4O4 ) ij-^ } • ^^-^^^ 



2^y 

02 



2 / 

2 



The R-R tadpole cancellation conditions require 

N = D = 32 
R^ = i?^ = , (3.25) 

and allow a parametrization in terms of real Chan-Paton multiplicities of the form 
N = rii + n2, D = di + ^2, -Rat = rii — n2 and Rd = di — d2, with rii = n2 = di = 
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d2 — 16. The massless spectrum can be extracted from 



Ao + Mo = 



ni(ni-l) n2(n2-l) di{di + 1) 



d2{d2 + 1) 



V4O4 



2 2 2 

ni(ni-l) 712(712-1) di{di-l) 



(^2(^2 - 1) 
2 



2 



C4C4 



+ 




+ 



( 7li7l2 + did2 ) ( O4V4 - -S'45'4 ) 



(3.26) 



and the gauge group is thus [5*0(16) x S'0(16)]9 x [USp{16) x USp{16)]^. Super- 
symmetry is reahzed in the 9-9 sector, where the vector muhiplets of the two 5*0(16) 
are accompanied by a hypermultiplet in the (16, 16, 1, 1), while it is broken on the 
D5 brancs, where the gauge vectors of the two USp{16) are in the adjoint repre- 
sentation while the left-handed Weyl fermions are again in reducible antisymmetric 
representations, now the (1, 1, 120, 1) and the (1, 1, 1, 120). In addition, there are 
four scalars and two right-handed Weyl fermions in the (1, 1, 16, 16), as well as two 
scalars in the (16, 1, 1, 16), two scalars in the (1, 16, 16, 1) and symplectic Majorana- 
Weyl fermions in the (16, 1, 16, 1) and (1, 16, 1, 16). This model is free of gauge and 
gravitational anomalies and provides an example of typc-I vacuum with a stable non- 
BPS configuration of BPS branes. As in the ten-dimensional USp{32) model, the 
breaking of supcrsymmctry yields a tree-level potential for the NS-NS moduli related 
to the uncanceled tadpoles, the dilaton and the internal volume in this case, that 
reficcts the positive tension resulting from the 05_ planes and the anti-branes. 

Models with branc supcrsymmctry breaking exhibit in their spectra a gauge singlet 
on the non supersymmetric branes, with the right quantum numbers to be a goldstino. 
As we shall see in the last chapter, these goldstinos play the role of Volkov-Akulov 
fields that allow consistent couplings of the gravitinos to the non supersymmetric 
matter. Supcrsymmctry is thus linearly realized in the bulk and on some branes, 
while it is non-linearly realized on other (anti)branes. 

3.4 Anomaly analysis of six-dimensional models 

In the previous chapter we have analyzed the conditions of anomaly cancellations 
for models of oriented closed strings. We have seen that in the case of type IIB, 
both the ten-dimensional model and the chiral six-dimensional model, obtained by 
K3 compactification, are anomaly-free. Moreover, the consistency of the heterotic 
5*0 (32) and Eg x Es models is guaranteed, at the level of the low-energy effective 
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action, by the presence of the Wess-Zumino term B A F^, whose anomaly exactly 
cancels the one produced by fermion loops. Basically, modular invariance is the 
guiding principle for writing consistent models for oriented closed strings. In this 
chapter we have seen that for open and unoriented closed strings modular invariance 
is not a property of all amplitudes, and consistency at the one loop level is granted 
in this case by R-R tadpole cancellation. As we will see in this section, at the level of 
the low-energy action this corresponds to the cancellation of gauge and gravitational 
anomalies. 

If we focus for the moment on gauge anomalies in ten dimensions, the potentially 
anomalous one- loop string amplitudes are the planar (fig. (|3.3|) ), non-orientable (fig. 
(|3.4|)) and non-planar (fig. (p^)) amplitudes, with six vectors inserted on the bound- 
aries. 





Figure 3.3: Planar amplitude 



Figure 3.4: Non-orientable ampli- 
tude 




Figure 3.5: Non-planar amplitude 



In the first two cases, the vectors are all inserted on one boundary of the annulus or on 
the single boundary of the Mobius strip, and thus the Chan-Paton factor is tiF^, while 
in the third case the vectors are inserted in both boundaries of the annulus, and the 
resulting amplitude is proportional to trF^trF^ (all traces here are in the fundamental 
representation). Thus, the first two amplitudes give the irreducible part of the gauge 
anomaly, that is canceled if the gauge group is 50(32) in the supersymmetric model 



[0 or USp{32) in the Sugimoto model The third amplitude, that should in 

principle give the reducible part of the gauge anomaly, is in fact non- anomalous. 



3.4 Anomaly analysis of six- dimensional models 
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since it can be regulated by the momunetum flowing in the tube ||3^. The apparent 
contraddiction between this result and the field theory analysis, in which the reducible 
part of the hexagon gauge anomaly (fig (|2.3|) ) is canceled by the anomalous exchange 



of the B field (fig. (|2.4|) ), is explained because of the open-closed string duality of the 



annulus diagram: the amplitude of fig. 3.5, that in the direct channel is a one-loop 



open-string amplitude, in the transverse channel becomes a tree-level closed-string 
amplitude. The two interpretations are valid in two different regions of the integration 
variable r, and the anomalous contributions from these regions exactly cancel. 

Turning to A/" = (1, 0) six-dimensional models, we have seen that the condition 
for the cancellation of the irreducible term tiR^ in the anomaly polynomial is 

nH-nv + 29nT = 273 , (3.27) 

where ut, ny and rifj are the number of tensor, vector and hypermultiplets, re- 
spectively. Perturbative heterotic models, obtained by reduction on K3 of the ten- 
dimensional heterotic strings, always contain a single tensor multiplet. The antiself- 
dual tensor in this tensor multiplet adds to the self-dual tensor of the gravity multi- 
plet to form an unconstrained tensor B. In these models with = 1, the residual 
anomaly polynomial always factorizes, as in the ten-dimensional case, assuming the 
form 

h = c'c''tT,FhT,>F'^ , (3.28) 

where c^'s and P's are constants and the index z runs over the various factors of 
the gauge group and over the Lorentz group. The consistency of the model, that is 
granted at the string level because of modular invariance, from the point of view of 
the low-energy effective action corresponds to the addition of the Wess-Zumino term 

B Ac'ti,{F AF) . (3.29) 

As in the ten-dimensional case this term is anomalous, since gauge-invariance of the 
field strength 

H = dB- c^uo' (3.30) 

requires 

5B = d'tT,{AdA) . (3.31) 

Here we denote with u the Chern-Simons 3-form (for all the notations we remind 
the reader to the next chapter). The anomaly resulting from eq. (|3.29|) has exactly 
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the form of the one originating from the anomaly polynomial ( p.28|) , and so can 
exactly cancel it, thus resulting in a Green-Schwarz mechanism exactly as in the 
ten-dimensional case. The difference, here, is that the Wess-Zumino term has two 
derivatives, and thus is already present in the low-energy effective action. In the next 
chapter we shall see a number of peculiar consequences of this result. 

We now want to perform an anomaly analysis for six- dimensional type-I models. 
We refer in particular to supersymmetric models, even if the same conclusions apply 
to six-dimensional brane supersymmetry breaking vacua, in which supersymmetry is 
realized on the bulk and broken on some branes (we will see in the last chapter that in 
these models supersymmetry is non-linearly realized on these branes). An important 
feature of these models, with respect to the heterotic case, is that one can obtain 
vacua with several tensor multiplets. In all cases, the cancellation of R-R tadpoles 
corresponds to the absence of irreducible anomalies. Analyzing the chiral content of 
all these six-dimensional vacua, and using the results of the previous chapter, one 
can write down the residual anomaly polynomial, that in general does not factorize, 
but can be written in the form |^ 

rirsc'''c'''tT,Fhr,>F^ , (3.32) 

where r] is the Minkowski metric for 5*0(1, ut) {r, s = 0, ...,nT), the c's are constant 
and the index z runs over the various simple factors of the gauge group and over the 
Lorentz group. The resulting anomaly is canceled since several tensors take part in 
a generalized Green-Schwarz mechanism [Q, corresponding to the inclusion in the 
low-energy effective action of the term 

J' Br A tr.F^ , (3.33) 

that is anomalous since the fields B^ transform as 

SB^ = c'''tT,{AdA) (3.34) 

under gauge and Lorentz transformations^]. 

More precisely, only the tensors connected to the characters that are present in 
the transverse annulus amplitude with reflection coefficients not identically vanishing 
take part to the anomaly cancellation. Among the various terms in the anomaly 
polynomial, only one contains the Riemann curvature, and this factor, always present, 
is canceled by the antisymmetric tensor in the gravity multiplet. For the type-I models 
analyzed in [Q, the c's are related to the rows of the matrix S. 



^The connection associated to Lorentz transformations is of course the spin-connection. 
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3.5 Six-dimensional vacua and dualities 

At the end of the first chapter we have considered ten-dimensional TV = 1 supergravity 
coupled to vector multiplets, and we have derived the field redefinitions that map the 
theory in the heterotic frame to the same theory in the type-I frame. Since the 
heterotic SO (32) and the supersymmetric type-I ten-dimensional strings have the 
same massless field content, this field redefinition relates their low-energy effective 
actions. This relation is the low-energy realization of the duality between the two 



complete theories |5H], that maps the strong coupling regime of one into the weak 



coupling regime of the other, as can be argued from the relation 

4>H = -4>i , (3.35) 

that corresponds to 

9h = gj^ ■ (3.36) 

The fact that this duality is a strong-weak coupling duality is in accordance with 
the fact that, at a perturbative level, these two string theories have vastly different 
spectra of massive states. Since the heterotic 2-form is mapped to the type-I RR 
2-form, the fundamental heterotic string, that is charged with respect to this form, 
is mapped to the Dl-string in the type-I model. 

Let us now consider these two theories compactified to lower dimensions. Denoting 
with /iio-d the metric of the internal manifold, the dilaton in d dimensions is 

(pd = 010 - ^log det hio-d ■ (3.37) 

Combining this relation with the duality transformations of the dilaton and the metric 
in eq. ( |1.96| ), one obtains 

6 — d 2 — d 

4>i,d = — — 4>H.d + — -^log det hH,io-d ■ (3.38) 
4 ' lo 

This relation shows that the duality is a strong- weak coupling duality only if > 6, 
while it becomes a perturbative duality for d < 6 (a first pair of four-dimensional 
heterotic and type-I vacua that are perturbatively equivalent was also displayed in 
Q). Moreover, in six dimensions the dilaton of one theory is purely geometric if 
expressed in terms of the fields in the dual theory. This is consistent with the fact that 
in six-dimensional M = (1,0) vacua the dilaton belongs to a hypermultiplet in the 
type-I case and to the (unique) tensor multiplet in the heterotic case. Perturbative 
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type-I models without tensor multiplets |^ correspond, according to this relation, 
to non-perturbative heterotic vacua without dilaton fluctuations. 

It is then of interest to understand what kind of non-perturbative picture corre- 
sponds on the heterotic side to perturbative type-I models with different numbers of 
tensor multiplets. Starting form the perturbative heterotic 5*0(32) model compacti- 
fied on K3, with total instanton number k = 24, one develops an extra SU (2) gauge 
symmetry when an instanton shrinks to zero size |^8[. In the type-I picture, this 
corresponds to the appearence of a pair of D5-branes, with an USp{2) Chan-Paton 
group, whose world-volume fills the six uncompactified dimensions. The condition 
/c = 24 is replaced by k = 24 — n, where n is the number of instantons shrinking 
to zero size. When r of them coincide at a given point of K3, the non-perturbative 
gauge symmetry is enhanced to USp{2r), and this naturally corresponds to the ap- 
pearence of 2r coinciding D5-branes, while the perturbative gauge group 5*0(32) is 
broken by a background with a lower instanton number, k = 24 — n. Vacua with 
several tensor multiplets can be obtained compactifying the ten-dimensional theory 
on K3 manifolds with singularities: small instantons on these singularities give rise to 
Coulomb phases parametrized by the real scalars in the tensor multiplets |5^, |61 |. 

Now we consider six-dimensional vacua of the x heterotic theory on K3. 
In this case, perturbative vacua correspond to the condition ki + k2 = 24, where ki 
and k2 are the instanton numbers corresponding to the two Eg factors. As already 
anticipated in Section (2.5), the non-perturbative ten-dimensional Eg x Eg theory cor- 
responds to M-theory compactified on the interval S^/Z2, with a length proportional 
to the heterotic string coupling while the gauge fields of the two Eg factors are 
on the two different "end of the world" 9-branes. Further compatifications on K3 are 
obtained embedding ki instantons in one Eg factor and k2 in the other, but another 
possibility is left, the addition of n M5-branes, located at points in K3 x 5*^/^2, and 
filling the six non-compact dimensions. The condition ki + k2 = 24 is then replaced 
by ki + k2 + n = 24, and the corresponding six-dimensional vacua have n + 1 tensor 
multiplets. An instanton shrinking to zero size corresponds to the appearence of an 
M5-brane stuck to the end of the world 9-brane. When the 5-brane leaves the bound- 
ary, a tensor multiplet appears in the low-energy action. The M5-brane can travel 
to the other boundary and be reabsorbed, so that all possible values of {ki,k2) are 
connected The presence of an antiself-dual tensor in the effective field theory 
of the M5-brane means that M2-branes can end on the M5-brane, with one direction 



tangent to it |£3[ . The corresponding string on the world- volume of the M5-brane is 
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antiself-dual. Since the tension of the string is proportional to the distance between 
the M5-brane and the boundary, the singularity associated to a shrinking instanton 
signals the appearence of tensionless strings. This phenomenon actually manifests 
itself in the low-energy effective action because of the appearence of a singularity in 
the gauge kinetic term, corresponding to an infinite gauge coupling constant . As 
an example, consider the case in which a single tensor multiplet is present. In this 
case, the kinetic term in the Einstein frame is proportional to ae'^ + be~'^, where a and 
b are constants and (p is the scalar in the tensor multiplet. If a and b have opposite 
sign, the kinetic term diverges for a particular value of the scalar, and singularities 
of the same type appear if several tensor multiplets are present. We have now seen 
in the Eg x picture that these singularities signal a new kind of phase transition 
reflecting the presence in the vacuum of string excitations with vanishing ten- 
sion p^ , p^ . The singularity appears for particular values of the scalars in the tensor 
multiplets, since these scalars parametrize the distance between the M5-brane and 
the 9-brane. 

An analogous geometrical picture of this low-energy phenomenon can be given in 
the type-I theory. In this case the starting points are the duality between heterotic 
theory on and type IIA on K3, and the T-duality between type IIA and type IIB. 
Since the former implies that type IIA have enhanced gauge symmetry at certain 
points in K3 moduli space, one can ask how type IIB behaves at the corresponding 
points. If one further compactifies IIA and IIB theories on T-dual circles to five 
dimensions, T-duality implies 

9Afi = ^ , (3.39) 
Kb 

and at a distance e from a point at which IIA gets enhanced gauge symmetry, one 
has W-bosons of mass e/gAfi- In five dimensions, in IIB units this is then a W-boson 
of mass 

Mw='-^ , (3.40) 

9Bfi 

that corresponds to a selfdual string in six- dimensions wrapped on a circle of radius 
Rb- This selfdual string is in fact a selfdual D3-brane of type IIB wrapped on 
a collapsing 2-sphere in K3 |6^. After the orientifold projection, these D-strings 
manifest themselves as singularities in the low-energy effective action (see |^ for a 
review) . 



Following ||62[, we want to make a final comment about what kind of physics 
one should expect at the singularity. In six dimensions, every conventional gauge 
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theory is free in the infrared. This is because the gauge couphng has the dimension 
of a length, and consequently for scales larger than this length the theory is usually 
expected to be free. When one approaches the singularity, however, this length scale 
becomes larger and larger, and at the singularity it diverges, so that the theory can 
indeed be non-free in the infrared. 



Chapter 4 

Minimal six-dimensional 
supergravity 



As we have seen in the previous chapters, one of the most striking features of pertur- 
bative superstring theory in ten dimensions is the absence of anomahes. In type-IIB 



theory this is reahzed by miraculous cancellations between various contributions p9 
while in the type-I and heterotic theories the Green-Schwarz mechanism gen- 
erates anomalous couplings that exactly cancel the contributions of fermion loops, 
once one restricts the gauge group to be SO (32) for the type I theory and 5*0 (32) or 
Eg X Eg for the heterotic theory. All these A/" = 1 theories are very interesting, since 
they can be naturally compactified to = 1 theories in four dimensions. In this con- 
text, an interesting intermediate step is the study of (1,0) vacua in six dimensions, 
since in these compactifications the absence of anomalies is a very strong restriction 
on the low-energy physics. 

The massless representations of (1, 0) supersymmetry in six dimensions are the 
gravity multiplet (e^, '^pL^l, B^v)i ^^e tensor multiplet {B~^, xRi v)i the vector multiplet 
(74^,Al) and the hypermultiplet (40, \E'ij). We have seen in the last chapter that, 
letting ny and uh denote the numbers of tensor, vector and hypermultiplets, the 



condition that the term tri?^ be absent in the anomaly polynomial is |31 

uh — nv + 29nT = 273 , 

and compared to the ten dimensional case this allows a large number of possible 
vacua. Perturbative heterotic vacua in six dimensions can be obtained by orbifold 
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compactifications or by compactifications on smooth K?> manifolds with instanton 
backgrounds. Anomaly cancellation requires that the total instanton number be 24, 
and these vacua include a single tensor multiplet, as one can easily see reducing the 
ten-dimensional low-energy theory. Repeating what we said in the last chapter, we 
would like to stress that the situation is quite different in perturbative six- dimensional 



type I vacua since, as suggested in |Q, these models are determined by a parameter 
space orbifold (orientifold) construction, that naturally allows several tensor multi- 
plets [ff^, |5^. In general the residual anomaly polynomial does not factorize, and 



several antisymmetric tensors contribute to the cancellation via a generalized Green- 



Schwarz mechanism [|54 



The anomaly polynomial of eq. ( |3.32D reveals an important difference with respect 
to ten dimensions: while the ten-dimensional Green-Schwarz coupling, i? A (F*^ — i?^), 
is a higher derivative term, the gauge portion of the corresponding six- dimensional 
coupling, i? A (F^ — _R^), belongs to the low-energy effective action. One is thus facing 
a case of unprecedented complexity in supergravity constructions, whereby the model 
is determined by Wess-Zumino conditions , rather than by the usual requirement 



of local supersymmetry. In this chapter, we shall see that one important consequence 
of this is that the resulting equations are not unique, since a quartic coupling for the 
gauginos is undetermined, and the construction is consistent for any choice of this 
coupling. Correspondingly, the commutator of two supersymmetry transformations 
on the gauginos contains an extension, that plays a crucial role in ensuring that the 
Wess-Zumino consistency conditions close on-shell. Moreover, in this model the di- 
vergence of the energy-momentum tensor is non-vanishing, as is properly the case 
for a theory that has gauge anomalies but no gravitational anomalies (gravitational 
anomalies could be accounted for introducing higher-derivative couplings) ||68|, |70 



Once more, the low-energy couplings are obtained by consistency once one includes 
the Green-Schwarz term in the low-energy theory, but the complete theory, supersym- 
metric and gauge-invariant, would also include additional non-local couplings arising 
from fermion loops. Let us stress that this is exactly as in the ten-dimensional case, 
but in these six-dimensional models the anomalous terms belong to the low-energy 
effective action. 



One can even consider a slight modification of these couplings, resulting from the 
inclusion in the low-energy Lagrangian of more general Green-Schwarz couplings to 
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abelian vectors of the form Wl 



cf F" F" 



where the indices a, h run over the different gauge groups, while the symmetric 
matrices (f may not be simultaneously diagonalized. This naturally corresponds 



to the inclusion of non-diagonal Chern-Simons couplings [^], and in this case the 
residual anomaly polynomial has the more general form 

The corresponding kinetic terms of vectors and gauginos are also non-diagonal, com- 
patibly with the abelian gauge invariances. 

At the end of the last chapter we remarked that another interesting feature of 
these models is the fact that they exhibit singularities in the moduli space of tensor 
multiplets, corresponding to infinite gauge coupling constants |5^. As an example. 



consider the case in which a single tensor multiplet is present. In this case the kinetic 
term is proportional to ae*^ + 6e~''^, where a and h are constants and cf) is the scalar 
in the tensor multiplet, and if a and h have opposite sign, the kinetic term diverges 
for a particular value of the scalar. The same singularities appear if several tensor 



multiplets are present. These singularities signal a new kind of phase transition 
reflecting the presence in the vacuum of string excitations with vanishing tension |^ 

The coupling of (1,0) supergravity to n tensor multiplets was originally studied 
in ||2^ to lowest order in the Fermi fields, while ||73|] considered the coupling to a 
single tensor multiplet and to vector and hypermultiplets to all orders in the Fermi 
fields. As we anticipated, in this case the kinetic term is generally proportional to 
ae^ + he~^ |^4[, while ||73[ actually deals with the particular case a = 0, in which 
the anomaly polynomial vanishes and no tensionless string transition occurs. The 
general coupling to non-abelian vectors and self-dual tensors was worked out to lowest 
order in the Fermi fields in P|. In this covariant formulation the requirement of 



supersymmetry gives non-integrable equations, while the divergence of the vector 
equation gives the covariant anomaly. The same model was then reconsidered, again 



to lowest order in the Fermi fields, in |6g] in the consistent formulation, requiring 



the closure of the Wess-Zumino conditions, that relate the consistent gauge anomaly 
to the supersymmetry anomaly. Additional couplings, as well as the inclusion of 
hyper-multiplets, were then considered in |j7^. The complete coupling to non-abelian 



vector and tensor multiplets was then obtained in |^ in the consistent formulation 
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and in in the covariant formulation. |]7T| contains the most general couplings for 



the case in which also abelian vectors are present, and finally in supergravity 
coupled to vector, tensor and hypermultiplets was constructed to all orders in the 
Fermi fields. 

In this chapter we construct the complete (1, 0) supergravity coupled to tensor, 
vector and hypermultiplets. Since all the subtleties of the construcion are already 
present in the absence of hypermultiplets, in Section 2 we construct minimal super- 
gravity coupled to non-abelian vector and ut tensor multiplets. In Section 3 we will 
apply to this model the PST construction |]7^. Section 4 considers the case in which 
abelian vectors are present, and finally Section 5 contains the complete coupling of 
minimal six-dimensional supergravity to tensor, vector and hypermultiplets. 

4.1 Supergravity coupled to tensor and vector mul- 
tiplets 

In this section we describe minimal (1,0) six- dimensional supergravity coupled to 
n tensor multiplets and non-abelian vector multiplets ||69[. Simple supersymmetry 



in six dimensions is generated by a USp{2) doublet of chiral spinorial charges Q"^ 
[A = 1,2) obeying the symplectic Majorana condition 

Q^ = e^^CQl , (4.1) 

where e^^ is the USp{2) antisymmetric invariant tensor. Since all Fermi fields are 
USp{2) doublets, in this section we will mostly write ip to denote a doublet ip^. 

4.1.1 Supergravity coupled to tensor multiplets 

We start our analysis from the simpler case in which only tensor multiplets are 



present. Let us begin by reviewing the work of Romans ||2J]. The theory in- 
cludes the vielbein e^"*, a left-handed gravitino ip^, {n + 1) antisymmetric tensors 
^liu ~ 0,...,n) obeying (anti)self-duality conditions, n right-handed "tensori- 
nos" = l?---;''^); cind n scalars. The scalars parameterize the coset space 

SO{l,n)/ SO{n), and are thus associated to the SO{l,n) matrix (r = 0, ...n) 



(4.2) 
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whose elements satisfy the constraints 

r 1 

V Vr = l 



1 



_ M M _ 

v'xf = Q . (4.3) 

Defining 

Grs=VrVs + X^xf , (4.4) 

the tensor (anti)self-duahty conditions can be succinctly written 

G.^F^A^-P = -Le^-''"/^Ti7,„^^ , (4.5) 
6e 

where HJ^^^ = 3d[fj,Bl^y These relations only hold to lowest order in the Fermi fields, 
and imply that VrH^^^ is self dual, while the n tensors x^^ H'^^^^ are antiself dual, as 
one can see using eqs. ( [4.3|) . The divergence of eq. ( [4.5|) yields the second-order 
tensor equation 

V^iGrsH'^"") = (4.6) 
while, to lowest order, the fermionic equations are 

- ^T^'^'^.^p - iVrH^^^'^^^l^p - \x^' H^^'^P^^pX^' + ]^xfd,v^^^^^x'' = (4.7) 

and 

t^D^x^' - l^VrH^^^^P^,,,x'' + \x^'H^^^P^,,ij, + \x^'d,v'-ri''^, = . (4.8) 
Varying the Fermi fields in them with the supersymmetry transformations 

5e^™ = -^(67™^^) , 



Svr = xriexn 

1 

4 



6^, = D,e + -VrH;,pr'e 



5x" = \xfd,v^re + Y2^fH;^^^^^^e , (4.9) 

generates the bosonic equations, using also eqs. ( |4.5| ) and ( [4.6| ). Thus, the scalar field 
equation is 

x':'D^{d^v^) + '^x'fv,Hlp^H^^^^ = Q , (4.10) 
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while the Einstein equation is 

R^.. - \9^.uR + d^v'-d,.vr - ^g^udav'-d'^vr - GrsH;^pH%''^ = . (4.11) 

To this order, this amounts to a proof of supersymmetry, and it is also possible to 
show that the commutator of two supersymmetry transformations on the bosonic 
fields closes on the local symmetries: 

[Si, S2] = S,,t{e = -^{eiYe2)) + StensiA", = —v^^, - CB;,) 

+SLorenUn^'' = -U^''"'" - ^rH^''"'^)) . (4.12) 

To this order, one can not see the local supersymmetry transformation in the gauge 
algebra, since the expected parameter, is generated by bosonic variations. As 

usual, the spin connection satisfies its equation of motion, that to lowest order in the 
Fermi fields is 

D^er~D,e^'^ = , (4.13) 

and implies the absence of torsion. 

Completing these equations will require terms cubic in the Fermi fields in the 
fermionic equations, and terms quadratic in the Fermi fields in their supersymmetry 
transformations. Supersymmetry will then determine corresponding modifications of 
the bosonic equations, and the (anti)self-duality conditions ( [4. 51 ) will also be modified 
by terms quadratic in the Fermi fields. Supercovariance actually fixes all terms con- 
taining the gravitino in the first-order equations and in the supersymmetry variations 
of Fermi fields. 

The supercovariant forms 

% — — — 

l^t^up = UjIup - ^{'4^plu'ipp + i^vlpi^p + 'ipulp'ipp) , (4.14) 

= hUp - \^'"'^r'i,u^p + x'^T.p^M + fipp^.) 

% — — — 

-l^v^i'4'i^lv^p + ^vlpipp + i'plpi'u) , (4.15) 

d;v^ = d,v^ -x''''{x''^,) , (4.16) 

where 

^lup = \epm{d^eJ^ - d,e;^) - ^e^^(9,ep'" - d,ej^) + \e.m{dpep!^ - d^e^^) (4.17) 
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is the standard spin connection in the absence of torsion, do not generate derivatives 
of the parameter under supersymmetry. In the same spirit, one can consider the 
supercovariant transformations 

= ]^xf{d;v^)re + ^x^H^^r'^'e . (4.18) 

The tensorino transformation is complete, while the gravitino transformation could 
include additional terms quadratic in the tensorinos. On the other hand, one does 
not expect modifications of the bosonic transformations in the complete theory. 



The algebra ( [4.12| ) has been obtained varying only the Fermi fields in the bosonic 
supersymmetry transformations. The next step is to compute the commutator vary- 
ing the bosonic fields as well. There is no important novelty in the complete com- 
mutator on v"^ and on the vielbein e^™. However, the local Lorentz parameter is 
modified and takes the form 

^mn ^ _ v^H^^^^) (4.19) 

while, as anticipated, the supersymmetry parameter is 

C = iy, . (4.20) 

These results are obtained using the torsion equation for u, 

D,er - ^.e/" = 23"^,, = -^(^^7'"^'.) • (4-21) 

One can also compute the commutator on . Eqs. ([4.3|) determine its super- 
symmetry variation 

6x^ = vriex'') , (4.22) 
and the resulting commutator includes a local SO{n) transformation of parameter 

^MN ^ ^.^Mr^g^^N^ ^ (x^^^^) (x^e^ - (x^^^e^ (x^^^) . (4.23) 

New results come from the complete commutator on BJ^^^^, where one needs to use 
the (anti) self-duality conditions. Supercovariantization is at work here, since these 
conditions are first-order equations, that become 

GrsH^j^j^p = —e^i^pap-fH^^'^ . (4.24) 
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It is actually possible to alter these conditions demanding that the modified tensor 

K^, = Kp + ^c^^'{x''l,.pX'') (4.25) 

satisfy (anti)self-duality conditions as in eq. ( [4 .241) . Using eqs. ( [4.3|) , one can see 
that the new terms contribute only to the self-duality condition, while the tensors 
x^H^^p remain antiself dual without extra terms. Consequently, since the com- 
mutator on uses only the antiself-duality conditions, the result does not contain 
terms proportional to a. The commutator on the tensor fields generates all local 
symmetries in the proper form, aside from the extra terms 

[Si, 62UraB;, = lv^{eiX^'){x''l,ue2) - \v^{e2x''){x''l,uei) , (4.26) 

that may be canceled adding terms to the transformation of the gravitino. The 
most general expression one can add is 

5% = ^« l.X^'iex'') + ih 7.X''(67/X'') + ic l,.pX^' {eY^X^') , (4.27) 

with a, h and c real coefficients, and the total commutator on then leads to the 
relations 

a + 6 = -^ , 6 + 2c = . (4.28) 

The commutator on e^'" now closes with a local Lorentz parameter modified by the 
addition of 

An-" = _l[(^^ei)(e27'""x'') - {X''e2){e,^^-x'')] , (4-29) 

while the commutators on the scalar fields are not modified. 

One can now start to compute the commutators on Fermi fields, that as usual close 



only on shell. Following |T^, we will actually use this result to derive the complete 
fermionic equations. Let us begin with the commutator on the tensorinos, using eq. 
( [4.18 ). This fixes the free parameter in the gravitino variation and the parameter a 
in eq. ( |4.25| ), so that 

3 11 1 

a = — , h = — , c = — , a = — . (4.30) 
8 8 16 8 ^ ' 

Supercovariance determines the field equation of the tensorinos up to a term propor- 
tional to x^ ■ Closure of the algebra fixes this additional term, and the end result 
is 

+ (9>)7^>, + ^7''X^(X%X*0 = . (4.31) 
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The complete commutator of two supersymmetry transformations on the tensorinos 
is then 

[5l.52]x'' = Sgct X^' + horenU + ^50(n) X^' + Ssusy x''-\Yi, H- X^'] ■ (4-32) 

A similar result can be obtained for the gravitino. In this case the complete equation, 

+\y'^x'\x''^u) - \r''x'\x'''iu,r) + \i.,x'\x"'r''V) 

-\x''{x^'l'''^u) = Q , (4.33) 

is fixed by super covariance, and the commutator closes up to terms proportional 
to a particular combination of eq. (|4.33| ) and its 7-trace. Moreover, a non-trivial 



symplectic structure makes its first appearance in a commutator, so that the final 
result is (see the Appendix for the notations) 

3i 1 

- ^7/. [7 - trace] )^ 

+^«^BV'^''e;.p(N.^,]-^7,[7-trace])« ' ^^"^^^ 

where 

= -^[ei7^.pe2]' • (4.35) 

Summarizing, from the algebra we have obtained the complete fermionic equations 
of (1, 0) six-dimensional supergravity coupled to n tensor multiplets. In addition, the 
modified 3-form 

= Kp - -/ix'^'l.u.x''') (4.36) 
satisfies the (anti)self-duality conditions 

Gfs'H^iyp ^^upaSr'^r " (4.37) 

We have also identified the complete supersymmetry transformations, that we collect 
here for convenience: 



5e^- = -2(e7™^, 



1 



<^5;. = ^^'"(^[.7.]e) + 2^''^(x''7M) 
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Sx"" = \x^{d;v^)l'e + ^xfHl^^^^^^e . (4.38) 

In order to obtain the bosonic equations, it is convenient to associate the fermionic 
equations to the Lagrangian 



M 



+ -Vr[H + Hl^Ai',i"''"'^i^.) + -x''rD,{^)x' 

- ^VrH^^^ix'^'^'x'') + \xf[duv^ + d:v^]{i^,Yl'x'') 

- ^xt'[H + HY^-^i^P.^^.x^') + j^x^[H + HY^^'^ir^^.^.x^') 

+ ^(XV^''X^')(V^.7.V^P)-^(X"'7'^X"^)(X^'7.X^) , (4.39) 
where, in the 1.5 order formahsm, the spin connection 

% — — — 

- \{ripup.ri^l-\{t'l,.pX'') (4.40) 

satisfies its equation of motion, and is thus kept fixed in all variations. 
In order to derive the bosonic equations, one can add to (|4.39D 



e-i£,„,e = -\r + ^GrsH^^^PH;,^ - \d,V^d^Vr . (4.41) 

One can then obtain from C fer + jCbose the equations for the vielbein and the scalars, 
with the prescription that the (anti) self-duality conditions be used only after varying. 
Actually, ignoring momentarily eq. ( [4.37|) and varying Cj^r + Chose with respect to 
the antisymmetric tensor B^^^ yields the second-order tensor equation, the divergence 
ofeq. (^:37D , 



-|V,K(^.7'^^'^'^''^.)] + ^V,K(x"V'^''x'')] . (4.42) 
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In a similar fashion, the scalar equation is 
while the Einstein equation is 



+ lvAupiX^'Y'''X^') + \e'mX^\d:vr){^,YYx''') 

-\e^mx'^'H:^,{rY''x'') + h^Hl^pirY'x'^') + \xfH^\,{^l,ml'"'x'') 

K.p{rY'x^') + ^e^mxt'H:^^{^^Y'''''x'') - ^x^K^{^^^"^"'x'') 
J-xfE^^^^i^^r'^'x'') + UerrmY = . (4.44) 

For the sake of brevity, a number of quartic fermionic couplings, fully determined by 
the lagrangian of eqs. ( |4.39|) and ( [4.41j ), are not written explicitly. It then takes a 
direct, if somewhat tedious, calculation to prove local supersymmetry, showing that 

where F and B denote collectively the Fermi and Bose fields aside from the antisym- 
metric tensors. 



74 



Chapter 4. Minimal six- dimensional supergravity 



4.1.2 Inclusion of vector multiplets 

A (1,0) Yang-Mills multiplet in six dimensions comprises gauge vectors and pairs 
of left-handed spinors A"^ satisfying a symplectic Majorana condition, all in the ad- 
joint representation of the gauge group. In this subsection we write the complete 
field equations for = 1 supergravity coupled to n tensor multiplets and to vector 
multiplets. This setting plays a crucial role in six-dimensional perturbative type-I 
vacua, that naturally include a number of tensor multiplets |^5|, and more generally 



in the context of string dualities relating these to non-perturbative vacua of other 
strings and to M theory |6^. In all these cases, the anomaly polynomial comprises in 



principle an irreducible part, that in perturbative type-I vacua is removed by tadpole 
conditions, and a residual reducible part of the form 

^8 = - E Vrs tr.F^ tr.F^ , (4.46) 

x,y 

with the c's a collection of constants and r] the Minkowski metric for S'0(1, n). In gen- 
eral, this residual anomaly should also include gravitational and mixed contributions, 
but we leave them aside, since they would contribute higher-derivative couplings not 
part of the low-energy effective supergravity. 

The antisymmetric tensors are not inert under vector gauge transformations, as 
demanded by the Chern-Simons couplings 

= dB'- - d^'u, , (4.47) 

where the index z runs over the various factors of the gauge group. Gauge invari- 
ance of indeed requires that transform under vector gauge transformations 
according to 

SB' = c"tr,{MA) . (4.48) 

To lowest order, the (anti) self-duality conditions ( [4.5| ) are not affected, while their 
divergence becomes 

V^{GrsH^^-P) = -le-P"/375c,^tr,(F,^F^,) . (4.49) 
In a similar fashion, the fermionic equations become 

9,t;'-7'^7'^X*' + -^t;.c^^tr,(F,p7'^^^A) = (4.50) 
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for the gravitino, 



+ a,t;^7'^7"V'M + ^xf c'-^tr,(F^,7^'^A) = (4.51) 
for the tensorinos and 

-l^^Mjzp^^^,u^M _ '_cr^Hr,.,Y''X = (4.52) 

for the gauginos. The supersymmetry transformations of the vector multiplet are 



1 



1 



^^ = -:r^F'^ur''e , (4.53) 



while the tensor transformation becomes 

6B;^ = tv^{iJi,^.]e) + lx^^^(x*Sp.e) - 2c'-^tr,(A[^M,]) . (4.54) 

The other transformations are not modified, aside from the change induced by (f4.47|) 
in the definition of H^. Varying the Fermi fields in the fermionic equations then gives 
the bosonic equations 

xfD^id^v^ + '^x^'vsH;,^H''^''p - x'^c'-'tr^iF^^F'^n = (4.55) 

for the scalar, 

+4vrc'%T,{Fp^FP, - ^g^^Fp^F^ = (4.56) 
for the metric, and 

D^ivrC^'F^"") - d'GrsH'''P''Fp^ = (4.57) 

for the vectors. The commutator of two supersymmetry transformations now includes 
a gauge transformation of parameter 



A = eA, 



(4.58) 
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The novelty here is the non- vanishing divergence of eq. (|4.57| ) 

D,J^ = -^^e^'''^^^'c^'4F^^i.AF^pF,s) , (4.59) 

that reflects the presence of the residual gauge anomaly [Q, In particular, eq. 
( [4.129[ ) gives the covariant anomaly. Leaving aside momentarily the (anti)self-duality 
conditions, one might expect to derive eq. ( [4.57|) from 

e-'C = -\vrd^ii-^F^,F^'' + ^GrsH^^''^H^^^^ , (4.60) 

but this is actually not the case. In fact, eq. ( 4.57 ) is not integrable, while the 
inclusion of a Wess-Zumino term 

e-'C = -\vrd'^iv.F,^F^'^ + ^GrsH^^''''Hl^^ 

- ^e^-^^^c^S;:,tr,(F,^F,,) , (4.61) 

turns the vector equation into 

D^ivrd^F'^n - GrsH'^P^d'F.^ - ^t^P^P-^'clA.c^^'ii^F^pF.s) 

oe 

and now the divergence of the gauge current is the consistent anomaly 



^A = -^e^""^^'c,^c^^'tr,(A9^A,)tr,,(F„^F,5) . (4.63) 

As an aside, one can observe that, ignoring the (anti) self-duality conditions, eq. 
( [4. 611 ) yields the second-order tensor equations ( |4.49D when varied with respect to 
the antisymmetric fields. 

The Wess-Zumino consistency condition |6^ 

(5aA = 5e^A (4.64) 
now implies the presence of a supersymmetry anomaly of the form 

A = -\e^^''''^^'cld'-^\i,{5A^A,)iiAFc.pF,s) 

- ^e^^°^^^c^c^^'tr,(5,A^F,,)cu|;, , (4.65) 

and indeed the supersymmetry variation of the lagrangian is exactly eq. ( [4.65| ). 
Moreover, the divergence of the gravitino field equation, proportional to eq. ( [4. 651) , 
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reflects the presence of tlie induced supersymmetry anomaly. We sliall now complete 
this construction to all orders in the Fermi fields. 

Let us begin by noting that the supercovariant Yang-Mills field strength is 

F^. = F^, + ^{X^^^P,)-^ih,^,^) , (4.66) 

while the other supercovariant fields are not modified. The supersymmetry transfor- 
mations 



1 



1 - 

^A = -^F,.7'^'^6 , (4.67) 

could in principle include additional terms proportional to A^. To be precise, one 
could add to ^t\} a term proportional to v^.d'^\X;,{}?e)^ and to bx a term proportional 
to x^^ d!"'^\Xz[}?e). Moreover, the (anti) self-duality conditions could be modified by a 
self-dual term of the form d"''\Xz{\^^vp^- 

Let us proceed to study the supersymmetry algebra completely. On the scalar, 
the vielbein and the gauge field, the algebra closes with no subtleties, while additional 
information comes from the algebra on the tensor fields. Using the (anti)self-duality 
conditions satisfied by the 3- forms in eq. ( |4.25|) , one can show that the algebra on 
-B** closes up to the extra terms 

^2\e.iraBl, = c''tT,[{e,-f,X){e2iA) " (ei7.A) (e27^A)] . (4.68) 

These can be canceled modifying the transformations of the gravitino and of the 
tensorinos according to 

5% = ^Vrc'''{a tr,[A(e7^A)] + b tr,[7^,A(eVA)] + c tr,[7^^A(e7^,,A)]} , 
S'x"" = dx^c'%Tz[^,X{eYX)] , (4.69) 
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and requiring that the modified 3-form 

Kup = Kp - iv'ix^'l.upx'') + c'^^tr,(A7,.pA) (4.70) 
satisfy the (anti)self-duahty conditions 



It should be appreciated that this change in the definition of the field strengths only 
affects the antiself-duality conditions, since (X'jfj.upX) is self-dual. 

Requiring closure of the algebra on then implies the conditions 

1 1 

a = -, d=- , a + b=-l , b + 2c = , (4.72) 

4r ^ 



and only one of the parameters is still undetermined. These terms have no effect 
for the scalars and the vectors, while the commutator on e^™' shows that the local 
Lorentz parameter is modified by the addition of 

A'l]™" = t;,c'^^tr,[(ei7'"A)(e27"A) - (e27"A)(ei7"A)] . (4.73) 

Turning to the Fermi fields, the commutator on the tensorini involves tech- 
niques already met in the case with tensor multiplets only, and fixes the last free 
parameter in eqs. ( [4.72D , so that 



9 1 1 

a = — , 6 = -, c= . (4.74) 

8 ' 8 ' 16 ^ ^ 

It closes on the field equation 

+ c'-^tr,(F^,7'^'^A) - ^xf c-tr,[7'^7^A(^^7.A)] + ^7'^X^(x^7;.X*') 

-^t;,c^^tr,[(x^VA)7'^^A] - ^t;.c'-^tr,[(x*^A)A] = , (4.75) 

where all terms containing the gravitino are exactly determined by supercovariance. 
Moreover, the field equation appears in the commutator as in the theory without 
gauge fields: 

52]X'^ = b,,tX^ + ^LorenUX'^ + hoin)X'^ + husyX^ " \l^ipW X"] • (4-76) 
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Using similar techniques, one can compute the commutator on the gauginos A. 
Here, however, the transformation 

5\ = -^h^Y'^e (4.77) 

can not produce the terms proportional to x*^ already present at the lowest order, 
and the only way to generate them is to modify eq. ( [4.77] ) by terms of the form 



M^.rz 

X^' A e . (4.78) 



Singular couplings of this type were previously introduced in |7^. We therefore add 
all possible extra terms, that modulo Fierz identities are 

M rz 

^'^ = ^[«(x''A)e + b{x^^,A)Y''e + c(x^6)A + d{x^'^,,e)Y''X] , (4.79) 

VsC^ 

and determine their coefficients from the algebra. Eq. ( [4.79| ) should not affect the 
vector (and, a fortiori, the tensor) commutator, and thus the coefficients are to obey 
the three equations 

a-2c = , 6 = , c + 2d = . (4.80) 

The other conditions, 

1 113 

a + 26= — , c + 2d + 46 = , 2ci + -a + -6 = — , (4.81) 

2 ' ' 8 4 16 ^ ^ 

are obtained from the algebra on the gauginos, for instance tracking the terms gen- 
erated by eq. ( [4.79| ) and proportional to dv. Combining eqs. ( [4.80|) and ( [4.81|) , one 
finally obtains 

1 1,1 . ^ 
a = — , c=--, d=- . (4.82) 

2 ' 4 ' 8 ^ ^ 

As was the case for the gravitino already without vector multiplets, here the algebra 
generates the field equation with a non trivial symplectic structure, 

- ^7'^e.[eg.A^] - ^Y-'^^'sX^M^''] ' (4-83) 

where ^^^^ is defined in eq. ( |4.35|) . 

Eq. ( [4.79|) also affects the algebra on the tensorinos, whose field equation now 
includes two additional terms, and becomes 
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-^t;,c'^^tr,[(x^^7M.A)7^^A] - -^Vrd-^ii^U"' m 

- f J: tr.[(x"A)A] + ^i^4Jr^tr.[(x%.A)7-A] = . (4.84) 

In the commutator of two supersymmetry transformations on the gauginos, these 
terms complete the algebra and let it close on the field equation, that now includes 
X^A terms corresponding to the A^x terms in the equation for the tensorinos. In 
addition, the A^ terms comprise two groups: those proportional to VrVg and those 
proportional to rjrs (recall, from eqs. (|4.3| ), that = Vr-Vg — rjrs)- The former 

generate local Lorentz transformations according to eq. (|4.73| ) and the term 

zt;,i;,c^^c^^'tr,4(A7^A')7^A'] (4.85) 

in the field equation, while the latter are 

52Ura\ = ^tr,,[-i(ei7MA')(e27.A')7^'^A + i(A7^A')(ei7'^A')e2 - (1 2) 

+ 3^(ei7%)(AVpA')7'^''A] . (4.86) 

In general, one could allow for a modified field equation including the A^ term 

2<c^^'tr,,[(A7^A')7^A'] , (4.87) 

with a an arbitrary parameter. Although the choice a = 1 could seem the preferred 
one on account of the rigid limit, since the supersymmetric Yang-Mills theory in 
six dimensions does not contain such a A^ term, the (1,0) supergravity is actually 
consistent for an arbitrary value of a, with the corresponding residual terms 

Sextra{a)>^ = [^1 , '^2] extra(a) A = try [- - (ei7^ A') (e27i.A')7^'' A 

VsC 4 

- f (A7;.A')(ei7.A')7'^^e2 + ^(A7^.pA')(ei7^A')7'^'^e2 

+ ^(A7,A')(6i7^'^^A')7M.e2 + i^(A7,A')(6i7'^A062 - (1 - 2) 

+ ^(6i7%)(AVpA')7'^''A] (4.88) 

in the commutator of two supersymmetry transformations on the gauginos. It should 
be appreciated that no choice of a can eliminate all these terms, that play the role 
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of a central charge felt only by the gauginos. The Jacobi identity for this charge 
is properly satisfied for any value of a, and thus we are effectively discovering a 2- 
cocycle in our problem. It has long been known that, in general, anomalies in current 



conservations are accompanied by related anomalies in current commutators 



but it is amusing to see how this "classically anomalous" model displays all these 
intricacies. 

The complete algebra 



- %i'iM-Aic.)-^l^''''a^B%.M-^\.) (4.89) 
determines the complete field equation of the gauginos 

Q Q rpM „rz rf,N „sz 

A VfC 

1 rpM „rz rf.N „sz _ _ 

+ j Y (ATm.X^Ot^'^X^ - 2.;,t;,c-c-'tr,,[(A7,A')7'^A'] 

4 VtC 

+2acld-''ti-A{Xl^\')l^\'] = (4.90) 

where, again, all terms containing the gravitino are fixed by supercovariance, while 
the x^A terms are precisely as demanded by the A^x terms in the field equations of 
the tensorinos. At last, one can study the algebra on the gravitino, thus obtaining 
the field equation 

+lY''x'\x''i^.) - {r'^x'^t'iupV) + \i.px''{x"r''r) - \x''\x''i''i'.) 

+l%X{^,r'''X)] - ^xf c'-^tr,[7.A(x'"7VA)] = , (4.91) 

that enters the supersymmetry algebra as in eq. ([4.34|) . Once more, all terms con- 
taining the gravitino are fixed by supercovariance, while the other A^x terms are 
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precisely as demanded by the X^ip terms in the tensorino equation and by the Xipx 
terms in the equations of the gauginos. 

Summarizing, from the algebra we have obtained the complete fermionic equations 
of (1, 0) six- dimensional supergravity coupled to vector and tensor multiplets. In 
addition, the modified 3-form 

K^p = Kp - l^^'ir'lp.pXn + ^c-tr,(A7,.pA) (4.92) 
satisfies the (anti)self-duality conditions 



GrsT^P^yp Q^^pupafi'yT^r^'^ ■ (4.93) 



We have also identified the complete supersymmetry transformations, that we collect 
here for convenience: 



5 



6B;, = ^v^{^Pl,l.]e) + L^^^{x''^,,e) - 2c^^tr,(A[^M,]) 



i 

V2 



= ^(e7M^) 



i 9? 
+ Yq1^^pX''\^Y''x") - %.c-tr,[A(e7,A)] 

+ ^t;,c'-^tr,[7^,A(e7'^A)] - -^t;.c^^tr,[7''^A(e7^,,A)] , 

io 

Sx"" = ^xf (9,V)7'^e + ^xrH^^.r-^'e + ^xf c-tr,[7.A(e7^A)] , 

1 1 rz -I M rz 

5\ = -^F.^Y^e - -^^(x''A)e - -^Ji^{x^^e)X 

1 rpM „rz 

Proceeding as in the previous subsection, the bosonic equations can be derived 
from a lagrangian, with the prescription of using the tensor (anti)self-duality condi- 
tions only after varying. The lagrangian is obtained supplementing Cfermi + '^bose of 
eqs. ( |4.39| ) and ( [4.41D with the terms 
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1 -.v /T ,\/_»,f A/fx ^ 



-^xf c-tr,[(xV7^A)(V^,7.A)] - At;,c-tr,[(x^VA)(x V^A)] 



1 Q /v,M ^rz^Af^sz 

VC tr^[(x 

± o x„ c r / _ j\ r , N / _ ^r ,,,, , m / t 



-^.VrC^^iT-M'^m'")^) - Y : tr.[(x^^A)(x^A)] 

4 



^i'i = -J^rC^^tr,(A7^.pA) . (4.96) 



+ ^ trJ(x^VA)(xV'^A)] + ^(^,7.^,)(A7'^^''A) 

-^t;,t;,c'^^c^^'tr,,,4(A7^A')(A7^A')] + |c'-^c^'tr,,,4(A7^A')(A7^A')] , (4.95) 

and the 1.5 order formalism requires that the spin connection ujfj_pp now include the 
additional term 

i 
2 

With the new definition of cj, eqs. (|4.39| ), ( [4.41|) and ( [4.95| ) then yield the Fermi 
equations. Moreover, varying with respect to B^^^ yields the second-order tensor 
equations, the divergence of the (anti) self-duality conditions. The vector equation is 
covariant, aside from the anomalous couplings introduced by the Wess-Zumino term 
in eq. ( |4.61 ). The complete residual gauge anomaly is thus given in eq. ( [4.63 ). As 
we shall see, it solves the Wess-Zumino consistency conditions even in the presence 
of supersymmetry. 

The complete vector field equation is 

-^e^'^'^^^cy-^' A,ii,,{Fp^Fp,) - -Vrc'-'F,p{i,„^^->^"^ij,) 

oC 4 

M rz 

+ '-VrC^^F,p{x^'r'''x^') - ^^F,p{i'.r''"'x^') - '-x^x^c^^c^^'F^.tiAh'^'X) 
+ -^c-D,K(V5,7'^VA)] + -^c'-^Z^^xf (x^V^A)] = , (4.97) 

the complete scalar equation is obtained adding to eq. ( [4.43| ) the terms 

xf {^c-tr,(A7...A)(^^7^^''7'^>p) + ^c-tr,[(^^7^^7^A)(F + F^)] 
+id'-'ti.{\^^b,\) - Ac^^tr,[(x^7'^^A)(x%.A)] - ic^^tr,[(x^A)(x^A)] 
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-^^7^J)^-^^tr.[(x^-A)(x-7..A)] + ^^^^^^:^c-tr.[(x^A)(x^A)]} 
+^^{_Lc-tr,[(x^7'^'^A)F^.] + ^xf iJ^^^''c^^tr,(A7;..pA) 
+ ^xf ^^^^''c^^tr,(A7^.pA) - ^c^^tr,(A7p.pA)(x*S^>'') 

"1 TV TZ sz 

-^c-tr,[(x^SVA)(^,7.A)] + 4^^^^tr,[(x*V'^A)(x%.A)] 
-^^^^trJ(x^A)(x^A)]} , (4.98) 
and the Einstein equation is obtained adding to eq. ( [4.44 ) the terms 

-x/2xf (x*V'^A)F^, + ^e^„t;,(A7'^/^.A) - ^t;,(A7^/^nA) 



d-^xA^^^umVr^F.^F"- - -g^'Fp^F^'^) + _e'^„t;,(V;,7'"^7'^A)F,. 
-^t;,(V^,7'^''7'^A)F„, - ±=^^[^^^-P^^^\)F,p + i^xf e^^(x*^"''A)F,, 



+^e^xf xf /7,V(A7'^^^A) - ^xf xf i/^,,(A7'^^^A) 

-^e,^D,K(A7^'^^A)] + {fermi)^} . (4.99) 

We would hke to stress that this result is expressed in terms of the previous definition 
of tu, not corrected by bilinears in the gauginos. Moreover, for the sake of brevity, 
a number of quartic fermionic couplings, fully determined by the lagrangian of eqs. 
( [4.39| ), ( ^.41| ) and ( [4.95| ), are not written explicitly. Letting F and B denote all 
the Fermi and Bose fields aside from the antisymmetric tensors, the supersymmetry 
variation of the lagrangian, after using the (anti)self-duality conditions of eq. ( [4.7ip , 
is 

where is the complete supersymmetry anomaly. Neglecting the last term in eq. 
( [4.95|) , i.e. setting a to zero, 

A = cy'\^.A-\^^''''^''^^K^vF'^pK^-\e^^^^^^ 

IP — IP — — 

+ -4A^F,p(A'7'^"''A') + -bAA^l^'''y)Fl^ + %ebAA^l.y)F'^'' 



+ ^5,e^-(A7'^^''A)(A'7™.pA') - ^bAA^l^l^'Yy^yiA,) 
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' 5A,{\lA'){\'l'''x'')]} , (4.101) 



2v^ 

while including the last term in eq. (|4.95|) would give the additional contribution 



= 5e>^^A4 , (4.102) 

where 

p(y I — — 

£,4 = — tr,,,,[(A7"A')(A7.A')] • (4.103) 

In verifying the supersymmetry anomaly, the equations for the fermi fields and for 
the vector field are presented here must be rescaled by suitable overall factors that 
may be simply identified. 

We now turn to show that satisfies the complete Wess-Zumino consistency 
conditions. 

4.1.3 Wess-Zumino Consistency Conditions 

In general, the Wess-Zumino consistency conditions follow from the requirement that 
the symmetry algebra be realized on the effective action. For locally supersymmetric 
theories this implies 

^Ai-^A2 ~ ^A2'^Ai = '^[Ai,A2] ! 

5ei - f^eaAi = A-e + A'^ , (4.104) 

where only gauge and supersymmetry anomalies are considered, and where e and A 
are the parameters of supersymmetry and gauge transformations determined by the 
supersymmetry algebra. 

In global supersymmetry the analysis is somewhat simpler, since the r.h.s. of the 



last of eqs. ( |4.104|) does not contain the (global) supersymmetry anomaly. Let us 
therefore begin by reviewing the case of supersymmetric Yang-Mills theory in four 
dimensions From the 6- form anomaly polynomial 

le = tiF^ , (4.105) 

in the language of forms, one obtains the four-dimensional gauge anomaly 

= tT[A{dAf + ^ dAA^] , (4.106) 
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and from eqs. (|4.104| ) one can determine the form of the global supersymmetry 
anomaly. With the classical lagrangian 



SYM 



tr 



(4.107) 



and A a right-handed Weyl spinor, the supersymmetry transformations are 



2^/2 



(4.108) 



The second of eqs. ( |4.104| ) (with absent in this global case), then determines the 
supersymmetry anomaly up to terms cubic in A, 



A^^^ = tT[6,AA{dA) + 6,A{dA)A - ^6,AA^] 



and indeed 



S,,Ai'J - 6,,Aif = Af^ + 3 tT[6,,A6,,AF - S,,A6,,AF] . 



(4.109) 



(4.110) 



In order to compensate the second term in eq. ( |4.110| ), one is to add to A^"^^ the 
gauge-invariant term 

i 



AAi'^ 



-tr[(5eAA7(^)A + AM7(=^)A] 



(4.111) 



so that Al^^ + A^^^) is the proper global supersymmetry anomaly. Although the 
supersymmetry algebra closes only on the field equation of A, in four dimensions a 
simple dimensional counting shows that eqs. ( |4.104| ) can not generate a term pro- 
portional to 7^D^A. Therefore, in this case the Wess-Zumino consistency conditions 



close accidentally even off-shell, as pointed out in |T9 



The situation is quite different in six dimensions. In this case, in the spirit of 
the previous section, let us restrict our attention to the 8-form residual anomaly 
polynomial 

Is = - c'^^<'tr,(F2)tr,,(F2) , (4.112) 
where the sums are left implicit, so that the gauge anomaly is 



= -c'-^cf tr,(Adyl)tr,,(F') . 
Then, from the second of eqs. (^4.104 ), 

^ _c-c^'[tr,(5eAA)tr,,(F2) + 2tr,{6,AF)iul'] , 



(4.113) 



(4.114) 
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but there are residual terms, so that 

{5,Af^ -5,,Afi>)e.tra = -4c^^c^' [tr, (5,, A)tr,, (F^) 

+ 2ii,{5,,AF)ti,,{5,,AF)] . (4.115) 

Consequently, eq. (|4.114|) is to be modified by terms cubic in the gauginos, and the 
complete result, written in component notation, is finally 

Af = -\t^^''^^'clc'''iiS,A^A,)ii,.{F'^pFl^,) 

+ Acld-'\i,{5A^F,p)ii,\\'r'''>^') 
+ Bclc"'ti,{5A,\)Y'"'tiA\'Fl^) 

+ Ccld-'\i,{5A^.\)lutTA>^'F'n , (4.116) 
where the coefficients A, B and C satisfy the relations 

A + B = i , 

C = AA-2B . (4.117) 

These leave one undetermined parameter, in agreement with the well-known fact that 
anomalies are defined up to the variation of local functionals. Indeed, adding to the 
supersymmetry anomaly the term 

5,[(A7"A')(A7«A')] (4.118) 

corresponds to adding terms like the last three in eq. ( [4. 1161 ) with coefficients satis- 
fying the relations A + i? = and C = 4A — 2B, that thus preserve eqs. ( [4.1171 ). One 
can then show that the last of eqs. ( |4.104D generates terms containing one deriva- 
tive and four gauginos, that cancel using the Dirac equation ■y^D^^X = 0. Naturally, 
something similar also happens in six- dimensional supergravity, as we are about to 
verify. 

Returning to the supersymmetry anomaly of eq. ([4.101|) , one can observe that 
the coefficients of the third, fourth and fifth terms are consistent with eqs. ( [4.1171) . 
Moreover, demanding that the last of eqs. ( [4.104| ) be satisfied fixes the other gauge- 
invariant terms to give exactly the anomaly in eq. ([4.101|) . Finally, the Wess-Zumino 
condition is satisfied only on-shell, and one obtains 

/ ic — — 
{6,,A,, - 6,,AJ = A- + + tr^,^/{— ea(A7MA')(A7VN.A'](a=o)) 

-'^^^a5r{[XYX'Uh'''[eq.X%=o)) + [XYXUXY'[eq.X%=o))}} , (4.119) 



88 



Chapter 4. Minimal six- dimensional supergravity 



where we have stressed that the corresponding field equation for the gaugini is de- 
termined by eq. (^4.95|) with a = 0. To reiterate, the anomaly obtained for a = 



naturally closes on the corresponding field equation for A. Still, the identity 

+ [A7^A],(AV'N.Al(,))}} = c^c'-^'tr,,,,{^e.(A^A')(A7'^7'^N.A'](„=o)) 
-^e.<x^.{[A7^A'],(A7'^'N.A'](,=o)) + [A7^A],(AY'N.A'](«=o))}} 

„z „rz' „z' „sz" 

-er"tr,,,.,»[A7^A]aA'7.A'],[A"7,A"], (4.120) 



i7' 



implies that the last term should somehow be generated in the anomaly, if the Wess- 
Zumino condition is to close for any value of a. In the presence of Cxi, however, the 
anomaly is modified by eq. ( [4.102| ), and applying the last of eqs. (|4. 104|) to this term 



gives 



= ([5e„5e,]e)-c,^c'^nr,,,,[(A7aA')(A7"A')] 

+ 2ea<c'-^'tr,,,4(A7„A')(A7"[5,„(5,,]A')] . (4.121) 



The commutator in eq. ([4.121| ) is fully known: in particular, the coordinate trans- 



formation in the second term combines with the commutator on e to give a total 
divergence, while gauge and local Lorentz transformations give a vanishing result. 
Moreover, the field equation is obtained from eq. ( |4.95| ). The charge in eq. ( [4.8^ 
thus plays a crucial role: it generates in eq. ( [4.121| ) precisely 



iea c^d"^ cl c'^ 
~8 v^' 



■er'tr,,..,»[A7^A].[A'7.A'],[A"7pA"], , (4.122) 



as needed for consistency. Thus, one can understand the rationale behind the oc- 
currence of the extension in the algebra on the gauginos: it lets the Wess-Zumino 
conditions close precisely on the field equations determined by the algebra. Since 
the Wess-Zumino conditions close on the equation of the gauginos, only these fields 
perceive the additional transformation. 

4.1.4 The energy-momentum tensor 

The gauge anomaly = naturally satisfies the condition 

AK = -tr{AD^J^') , (4.123) 
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where = is the complete field equation of the vector field. One can similarly 
show that the supersymmetry anomaly is related to the field equation of the gravitino, 
that we write succinctly J'^ = 0, according to 

Ae = -iW^J>') . (4.124) 



We would like to stress that the Noether identities ([4.123| ) and (|4.124| ) relate the 



anomalies to the equations of the fields whose transformations contain derivatives. 
This observation has a natural application to gravitational anomalies, that we would 
now like to elucidate. In fact, in analogy with the previous cases one would expect 
that 

= 5^C = 2^^D,T'''' , (4.125) 
where the variation of the metric under general coordinate transformations is 

Sg^u = -Cdag^u - 9aud^C - g^ad.C ■ (4.126) 

Thus, for models without gravitational anomalies one would expect that the diver- 
gence of the energy-momentum tensor vanish. Actually, this is no longer true if other 
anomalies are present, since all fields, not only the metric, have derivative varia- 
tions under coordinate transformations. For instance, in a theory with gauge and 
supersymmetry anomalies, the gravitational anomaly is actually 

= 6^C = 2i,D;r^^- + e.tr(A^D^ J^) + UVD.J^) . (4.127) 

In particular, in our case we are not accounting for gravitational anomalies, that would 
result in higher-derivative couplings, and indeed one can verify that the divergence 
of the energy-momentum tensor does not vanish, but satisfies the relation 

D;r^^ = ~iv{A''D^J^) - h^i,-D^J^) . (4.128) 

4.2 Covariant field equations and covariant anoma- 
lies 

It is well known that consistent and covariant gauge anomalies are related by the 



divergence of a local functional |80]. In six dimensions the residual covariant gauge 



anomaly is 



AT = \e''''''^^'c^'4tT.{KF,,)iT-AFUF'^6) , (4-129) 
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and is related to the consistent anomaly by a local counterterm, 

AZ' + tr[AI^^/1 = AT , (4.130) 

where 

F = cy''{--/''-^^'A^vAFL^F'^s) - ^e'^^-^^'i^.a ■ (4.131) 



Comparing eq. ( 4.131 ) with eq. ( [4.101 ) one can see that, to lowest order in the Fermi 
fields, 

A = tr(MMr) , (4.132) 

and this implies that the transition from consistent to covariant anomalies turns a 
model with a supersymmetry anomaly into another without any |^4|, Indeed, 
six-dimensional supergravity coupled to vector and tensor multiplets was originally 
formulated in this fashion in |E3 to lowest order in the Fermi fields, extending the 



results of Romans ||2J]. The resulting vector equation is not integrable. Moreover, 
the corresponding gauge anomaly is not the gauge variation of a local functional and 
does not satisfy Wess-Zumino consistency conditions. 

This result can be generalized naturally, if somewhat tediously, to include terms 
of all orders in the Fermi fields The complete supersymmetry anomaly of eq. 
( [4.101|) has the form 

A = tr(MMr) + 4e/(7^ , (4.133) 



where to lowest order is defined in eq. ( [1.131| ). Modifying the vector equation so 
that 

(eg. A'^)(_)^ 7^,,) = ^-/^ , (4.134) 

and similarly for the Einstein equation, the resulting theory is supersymmetric but 
no longer integrable. The covariant vector field equation is 

2D,(t;,F^-) - 2GrsH''"''F,p - %.(V'„7"^^"''V'/3)i^.p 
+lV2D,[vri^Pp7''''Y>^)] + v^I^.[xf (x^S^'^A)] 



up 



--F^pC^'tiAXY^'X') - -4\TAiXY''X')F:,p] - tc'r'iihuXlFn 



'-F^pC^'trAXY^'Xl'l^ 
+ ^c^'tr.'[(A7WA')(A'7.^p)] 



4.2 Covariant field equations and anomalies 
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+^(A7.A')(AV'^X*')] 

M sz' 

+4'^^tTAtaV2{XrX')CxY^) - -^(A7.pX^0(AY'^''A')] 
+<'§^tr.,[-^(A7'^A')(A'x^0 + ^(A7'^^''A')(A'7.pX^0 

? — — 

--^(A7.A')(AVV")]=0 , (4.135) 

and completes the results in to all orders in the Fermi fields. Its divergence 
satisfies 

^A^^,JU)) = -^T , (4.136) 
where A"]^^ contains higher-order Fermi terms: 



AT = c^^crtr,,,,{le^'^"^^^(AF,.)(F^^F;,) 



— ?P — — 

+ zeAF.piXY'^D.y) + -AD,{XY''PX')Fl^ + zeAD^[(A7.A')F'^1 
- ^AI^,[(A7^VA')(A'7.^p)] 

+ - ^(^7-''A')(A%x^0 

' :(A7.A')(AV'^X''0]} 



2V2 

+ eAD^l-taP^^iXY^'y) + ia{Xr''''X')Fl^ - Qia{X^-X')Fl^] 

M sz' 

+ eAD,{^^Hav^(A7^A')(AV0 + -^(A7.px'')(AV'^^A')]} 

VtC ZyZ 

M sz 

+ eAD,{^[^(A7'^A')(A'x"0 - ^(A7^'^^A')(A%x^0 

+ ^(A7.A')(AV'^X"0]}} • (4.137) 

Finally, one can study the divergence of the Rarita-Schwinger and Einstein equa- 
tions in the covariant model. To this end, let us begin by stating that the derivation of 
Noether identities for a system of non-integrable equations does not present difficul- 
ties of principle, since these involve only first variations. Indeed, the only difference 
with respect to the standard case of integrable equations is that now 5C is not an 
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exact differential in field space. Still, all invariance principles reflect themselves in 
linear dependencies of the field equations. Thus, for instance, with the covariant 
equations obtained from the consistent ones by the redefinition of eq. ( [4.134| ) and by 

511, 

(eg. e^^)^cov) = - g^m , (4.138) 

the total 6eC vanishes by construction. The usual procedure then proves that the 
divergence of the Rarita-Schwinger equation vanishes for any value of the parameter 
a. On the other hand, the divergence of the energy-momentum tensor presents some 
subtleties, already anticipated in the previous section, that we would now like to 
describe. In particular, it vanishes to lowest order in the Fermi couplings, while it 
gives a covariant no n- vanishing result if all fermion couplings are taken into account. 
The subtlety has to do with the behavior of the vector under general coordinate 
transformations, 

6^A^ = -CdaA^-d^CAc, , (4.139) 

and with the corresponding full (off-shell) form of the identity of eq. (|4.127|) . Starting 
again from the consistent equations, one finds 

= 6^C = 2i,D,T>^- + iMA''D,J>^) + e.tr(F^'^ J^) + UVD.J^) . (4.140) 

Reverting to the covariant form eliminates the divergence of the Rarita-Schwinger 
equation and alters the vector equation, so that the third term has to be retained. 
The final result is then 

^M^SL) = -^tr(A^D, Jf_)) - ^tr(/,F'^^) - ItriA'^D.n - le^D.g'^^ , (4.141) 

and is nicely verified by our equations. In particular, this implies that, to lowest 
order in the Fermi couplings, the divergence of T^^L) vanishes. 

4.3 PST construction 

In the previous section we have reviewed a number of properties of six-dimensional 



(1,0) supergravity coupled to vector and tensor multiplets |5J, ^ We 

have always confined our attention to the field equations, thus evading the tradi- 
tional difficulties met with the action principles for (anti)self-dual tensor fields. In 
this section we would like to complete our discussion, presenting an action principle 
for the consistent field equations. What follows is an application |^ of a general 
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method introduced by Pasti, Sorokin and Tonin (PST), that have shown how to ob- 
tain Lorentz-covariant Lagrangians for (anti)self-dual tensors with a single auxihary 
field |T^. Alternative constructions some of which preceded the work of PST, 
need an infinite number of auxiliary fields, and bear a closer relationship to the BRST 
formulation of closed-string spectra This method has already been applied to 
a number of systems, including (1, 0) six-dimensional supergravity coupled to tensor 
multiplets ||8^ and type IIB ten-dimensional supergravity [jl3[, whose (local) grav- 



itational anomaly has been shown to reproduce ||8^ the well-known results p9| of 
Alvarez-Gaume and Witten. Still, an action principle for the consistent equations 
reviewed in the previous section is of some interest since, as we have seen, these 
six-dimensional models have a number of unfamiliar properties. 

Let us begin by considering a single 2-form with a self-dual field strength in six- 
dimensional Minkowski space. The PST lagrangian |[T2 

1 



(4.142) 



where H = dB and H = H — *H, is invariant under the gauge transformation 
6B = dA, as well as under the additional gauge transformations 



6B = {dE)A' 



(4.143) 



and 



6E = A" 

6B, 



A" 

——R- d^E 



(4.144) 



The last two types of gauge transformations can be used to recover the usual field 
equation of a self-dual 2-form. Indeed, the scalar equation results from the tensor 
equation contracted with 

R- dPE 

and consequently does not introduce any additional degrees of freedom. The in- 
variance of eq. ( [4.144|) can then be used to eliminate the scalar field. This field, 
however, can not be set to zero, since this choice would clearly make the Lagrangian 
of eq. (^4.1431) inconsistent. With this proviso, using eq. ([4.143|) one can see that the 
only solution of the tensor equation is precisely the self-duality condition for its field 
strength. 
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We now want to apply this construction to six- dimensional supergravity coupled 
to vector and tensor multiplets. The theory describes a single self-dual 2-form 

i 



n 



VrH, 



flup 



and n antiself-dual 2-forms 



7if,, = xf^;,^ + ^xfc-tr,(A7,.pA) . 
The complete Lagrangian is obtained adding the term 



to the lagrangian derived in Section (4.2). It can be shown 



is identically self-dual, while the 3-forms 



K 



M 
pup 



n 



M 
pup 



d[p^d^^ ^M+ 



(4.146) 
(4.147) 

(4.148) 
that the 3-form 

(4.149) 

(4.150) 



are identically antiself-dual. With these definitions, we can display rather simply the 
complete supersymmetry transformations of the fields. Actually, only the transfor- 
mations of the gravitino and of the tensorinos are affected, and become 



Dpe + iKpupY'e + ^ix''lpupx'')Y'e - jiex'^hpx'' 



■linpux'W + {^{eY'x^'hpupx'' 



9i 



Sx 



M 



O iO 

'-xrd;vrj>^e + ^kf^ipl^'^Pe + ^xf c-tr,[(e7,A)7^A] 



(4.151) 



while the scalar field S is invariant under supersymmetry |8^, |I3|. It can be shown 
that the complete lagrangian transforms under supersymmetry as dictated by the 
Wess-Zumino consistency conditions. 

We now turn to describe the corresponding modifications of the supersymmetry 
algebra. In addition to general coordinate, gauge and supersymmetry transforma- 
tions, the commutator of two supersymmetry transformations on B''^^ now generates 
two local PST transformations with parameters 



a;. 



app 



X. 



MnjM+\/:p 
r "^app J'i 



A = e'^^uS 



(4.152) 
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The transformation of eq. (|5.84|) on the scalar field (p is opposite to its coordinate 



transformation, and this gives an interpretation of the corresponding commutator |83 



13 



[SuS2]E = 5gct^ + 5psT^ = , (4.153) 

that vanishes consistently with the invariance of S under supersymmetry. Finally, 
the commutator on the vielbein determines the parameter of the local Lorentz trans- 
formation, that is now 

O 

+t;^c'"''trJ(ei7„A)(e27„A) - (e27mA)(ei7„A)] . (4.154) 



All other parameters remain unchanged while, aside from the extension [^, the 
algebra closes on-shell on the modified field equations of the Fermi fields. Of course, 
the resulting field equations reduce to those of Section 1 once one fixes the PST gauge 
invariances in order to recover the conventional equations for (anti) self-dual tensor 
fields. 

For completeness, we conclude by displaying the lagrangian of six-dimensional 
supergravity coupled to vector and tensor multiplets with the inclusion of the PST 
term, 

- U[H + HY^-'H^.j^i^,) + ^Vr[H + ^]L^,(^,7'^^"^>.) 



48 

+ \x^'[d,v^ + d:vr]{^/j^rYx'') - lx^'[H + ^]^^^^^(^^7.pX'") 
+ ^VrC^^tT,[{F + F),p{^|J^Y'rX)] 

+ lt;,c^-tr,(A7^.pA)(x*^'^'^''x*") + -^xf c'-^tr,[(x*'7^^A)F^,] 
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Q rz N sz 1 

- I J: tr.[(x^^A)(x^A)] + ^(x^^t'^^VOI^mT.V^p) 

1 rpM „rZrf.N „sz 1 

+ ^(V'^7.V'p)^rC'-^tr,(A7^'^^A) - it;,i;,c'^^c^^'tr,,,,[(A7^A')(A7'^A')] 
+ |c^^aftr,,,,[(A7,A')(VA')] 

- ^^[^;.p^r'' + <.;H^^^1 , (4.155) 

where a is the (undetermined) coefficient of the quartic couphng for the gauginos, 
and the corresponding supersymmetry transformations 



^^l 1 



1 



55;, = iv^{i^y,i.^e) + lx^-^^(x'''7M.e) - 2c^'^tr,(A[^MH) , 
5t^. = xf(x*'e) , 

-l{ei,uX'')rx^' + ^{eY''x''h,u,x'' - jV^c^^tT,[{n,X)X] 
+ '-Vrc'''tT4ieYXh^A] - ^t;.c'-^tr4(e7;..pA)7'^^A] , 

iO 

= '^x^d^re + ^K^i^Y^'e + ^xf c-tr,[(e7,A)7^A] , 

1 1 rpM rz 1 M rz 

SX = -^F.^Y^e - -^^{x''X)e - -^J^{x^'e)X 

1 rpM „rz 



One further comment is in order. Kavalov and Mkrtchyan p5[ obtained long ago a 
complete action for pure d=6 (1,0) supergravity in terms of a single tensor auxiliary 
field. Their work may be connected to this special case of our result via an ansatz 
relating their tensor to the PST scalar. Still, the PST formulation has the virtue of 
simplicity and makes it manifest that the extra degrees of freedom may be locally 
eliminated via additional gauge transformations. 
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4.4 Inclusion of abelian vector multiplets 

In this section we construct the general couphng of (1, 0) six-dimensional supergravity 
to n tensor multiplets and abelian vector multiplets [|71| . We will see the the inclusion 
of abelian vectors allows the presence of more general couplings, with respect to the 
ones we have derived so far. 

In this case, indeed, the field strengths of the 2-forms include generalized Chern- 
Simons 3-forms of the vector fields according to 



h;., = 35[.5::p] - sc-^Af^^.^, , (4.157) 

where the c^"'' are the constants that determine the gauge part of the residual anomaly 
polynomial. In the complete theory, the anomaly induced by this term would cancel 
against the contribution of fermion loops, while the irreducible part of the anomaly 



polynomial is directly absent in consistent models [^, . 

The model can be constructed using the same method as before: the completion 
to all orders in the Fermi fields of the equations of motion is obtained requiring the 
closure of the commutator of two supersymmetry transformations on the fermionic 
field equations. All the resulting equations may be conveniently derived from the 
Lagrangian 

- ^f^-^^'C^^'Bl^F^^pF'^, - '-^^Y^PD,[]^{u^ + 

+ ^^xf[H + Hr'''{rio.,upx'') + \{t'i""'x''){i^,iu^p) 
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+ [(x^ • c)(v . c)-^(x^ • c)]'^H-i(x^A«)(x^A^) + ^(x%.A'^)(xV^A'') 

- ^(x''A'^)(x''A'')} + ^^.c-''(V^,7.V^p)(AV'^''A^) 

- Jt;^t;,c''"V^'^(A"7^A")(AVA'^) + -c''"''c^'^(A%A^)(AS^A'^) , (4.158) 
8 8 

after imposing the (anti)self duality conditions. The last term, proportional to the 
arbitrary parameter a. vanishes identically in the case of a single abelian vector mul- 
tiplet. Since the kinetic terms of the vector fields are non-diagonal, this generalization 
is only possible in the abelian case. 

The variation of this Lagrangian with respect to gauge transformations gives the 
gauge anomaly 

" -^e'^'^^^'cf c'-^'^A'^F^^.F^^^Fi , (4.159) 
while the variation with respect to the supersymmetry transformations 

5e^- = -z(e7"^VM) > 

SB;^ = iv^ii^l,^.]e) + lx^'-(x^7,.e) - c-^(>lf/Ay , 



+^VrC^'^%,XTei''X') - ^i;.c™S^^A«(e7;..pA^) , 

<^A« = -I^F;^!'"^^ + [(^ • • <^)r\-\{x''X')e - l(x^6)A'' 

+ ^(x''7M.e)7'^'^A''} (4.160) 
gives the supersymmetry anomaly 



1 1 

A — r^ib rcdj _ ^ nua/S-fS ^ A"- P'^ F'^ — ^^'^"/^^^A A"" A*^ F° 



-j^g~ ~ - fx- -V- a.p~ '^O g ~ -<:- I/Q- -p- 'y^ 
/I/O op op 

-5,A^F,^,(AV'^^A'^) + -5,A^(AV'^''A^)Fi + -5,A«(AS.A^)F'^^^ 
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128^ ' ^^^^ ' ' 8V2 

+cf[c^{v ■ c)-^(x^ ■ c)]'='^{-^4A^(AVA'=)(AV0 

+j^5eA;:(ASv''A^)(x*S,A^) - ^5,A;:(AS^A'^)(x^A'^)} 

+^cfc^^'^(5,{e(r7MA^)(AVA")} . (4.161) 

o 

Once again, the complete theory would contain additional non-local couplings induced 
by fermion loops, whose variation would cancel the anomalous contribution of the 
contact terms. Thus, the low-energy couplings that we are displaying are properly 
neither gauge-invariant nor supersymmetric. However, gauge and supersymmetry 
anomalies are related by Wess-Zumino consistency conditions, and this grants the 
coherence of the construction. The presence of the arbitrary parameter a reflects the 
freedom of adding to the anomaly the variation of a local functional, consistently with 
all Wess-Zumino conditions. We have already seen that this anomalous behavior of 
the low-energy Lagrangian is related to another remarkable property of these models 
[^: aside from local symmetry transformations and the equation of motion, the 
commutator of two supersymmetry transformations on the gauginos generates the 
two-cocycle 

5(,)A'^ = [{v . c)-ic,]'^V^1-i(ei7MA^)(e27.A'^)7^'^A'' - ^(AVA'=)(ei7.A^)7'^^e2 
+ ^(AVpA^)(e"i7''A^)7^^e2 + ^{X\X''){hY'''X'h,.e2 
+ ^(AS^A^)(6i7^A'^)e2 - (1 - 2) 

+ ^i-eiYe2)iX'l,.,X'')Y'X'] , (4.162) 

different from zero for any value of a. In six dimensions the Wess-Zumino conditions 
close only on the field equations of the gauginos, and this two-cocycle actually makes 
these conditions close for any value of a. In the case of a single vector multiplet, in 
which the term of the Lagrangian proportional to A^ disappears, the two-cocycle is 
still present, although it is properly independent of a. 

Of course, it is possible to apply the construction of Pasti, Sorokin and Tonin 
(PST) ||12[ also in this case, following the results of the previous section. Since the 
theory describes a single self-dual 2-form 

n,^P = VrH;., - lix^'l.u.x'') (4.163) 
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and n antiself-dual 2-forms 

n^, = x^h;,^ + '-xfd"^\\^^,,,\') , (4.164) 

the complete Lagrangian is obtained by the addition of the term 

- 4-^^[^;.p^r^ + , (4.165) 

where S is an auxihary scalar field [|12l p3| and = H ± *H . This lagrangian has 



PST gauge invariances needed to cancel the additional degrees of freedom. As before, 
once the transformations of the gravitino and of the tensorinos are properly modified, 



the supersymmetry algebra generates also the PST gauge transformations |S^. The 
field equations obtained from the complete Lagrangian reduce to those obtained from 
the Lagrangian without the PST term, once these gauge invariances are fixed. 

As supersymmetry does not constrain the values of the coefficients c*", we have 
obtained a class of models whose anomaly polynomials can contain odd powers of 
the individual field strengths F"-. It is interesting to compare these results with 



f^. Although for generic values of the c's the SO{l,n) global symmetry is broken. 



the authors of |^ consider the amusing case of = 2 with two abelian vector 
multiplets transforming in the spinorial representation of 5*0(1,2). Identifying this 
group with the one that transforms the tensor fields, one obtains an S0{1, 2)-invariant 
Lagrangian if d' = 7^7^. In particular the results of [|72] correspond to the Majorana 
representation of 5*0(1,2): 

7° = CTs , 7^ = iai , 7^ = 20-3 , (4.166) 

and for this choice the anomaly polynomial vanishes identically. 

The transition to tensionless strings corresponds to values of the scalar fields for 
which the gauge coupling vanishes |62, 6^. In our Lagrangian, this would correspond 



to the vanishing of some eigenvalues of the matrix Vr-c™^. In the case of [72| the moduli 
space is a two-dimensional hyperboloid, described by the equation Vq — v1 — = 1, 
and one can show that the eigenvalues of the matrix Vrd"'^ are both positive for f > 1 
and both negative ioi Vq < —1, so that the transition is not reached. 

4.5 Inclusion of hypermultiplets 



In this section we describe the full coupling of six-dimensional supergravity to vector, 
tensor and hypermultiplets . In the description of the coupling to hypermultiplets 
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we will follow the notation of |73| . Some details about our conventions are contained 
in the Appendix. 

The spinors in the theory are the left-handed gravitino ip^, ut right-handed ten- 
sorinos x'^^^y the left-handed gauginos A"^ the right-handed hyperinos where 
a = 1, ...,2nH- The index A = 1,2 is in the fundamental representation of USp{2), 
and the gravitino, the tensorinos and the gauginos are USp{2) doublets satisfying the 
symplectic-Majorana condition 

The index a, instead, is a USp{2nH) index, and the hyperinos satisfy the symplectic- 
Majorana condition 

^ Qab^^T ^ (4.168) 

where is the antisymmetric invariant tensor of U Sp{2nH) (see the appendix for 
more details). The hyper-scalars 0", a = l,...,AnH, are coordinates of a quater- 
nionic manifold, that is a manifold whose holonomy group is contained in U Sp{2) x 
USp{2nH). 

If the quaternionic manifold parametrized by the hyper-scalars has isometries, 
these correspond to global symmetries of the supergravity theory. Then the global 
symmetry group, or a subgroup thereof, can be gauged. We recall the notations used 
to describe the scalars in the hypermultiplets. We denote by V^^{(f)) the vielbein of 
the quaternionic manifold, where the index structure corresponds to the requirement 
that the holomony be contained in USp{2) x USp{2nH)- The internal USp{2) and 
USp{2nij) connections are then denoted, respectively, by A^b and A'^bi that in our 
conventions are anti-hermitian matrices. The index a = 1, ...,AnH is a curved index 
on the quaternionic manifold. The field-strengths of the connections are 

^a/fe = d^A'^pt - dpAlb + [A^, Ap]\ , (4.169) 

where da = 9/90". The request that the vielbein V^^{(f)) be covariantly constant 
gives the following relations ||86[| : 



KaHb^'o/S - ^ab(^AB 
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where VLab is the antisymmetric invariant tensor of USp{2nH)- The raising and low- 
ering conventions are collected in the appendix. The field-strength of the USp{2) 
connection A^b is naturally constructed in terms of V^^ by the relation: 

^a/3AB = VaaAVpB + VaaBV^ A , (4.171) 

and then the cyclic identity for the internal curvature tensor implies that the field- 
strength of the USp{2nH) connection A'^b has the form 

^a/3ab = VaaAVpb^ + VabAV/ia^ + ^abcdV^^VS A , (4.172) 



where Vtabcd is totally symmetric in its indices |]86 |. 

In order to describe the gauging of a subgroup of the isometry group, we denote 
the gauge fields of this group by A^, where i takes values in the adjoint representation, 
and the corresponding field-strengths are 

F;, = d,A',-d,A^^ + f''A^^Al , (4.173) 

where f'^^'^ are the structure constants of the gauge group. Under the gauge transfor- 
mation 

54 = D^K' (4.174) 

the scalars transform as 

50" = k'C" , (4.175) 

where are the Killing vectors corresponding to the isometrics that we are gauging. 
The covariant derivative for the scalars is then 

D^0" = 5^0"-4r • (4.176) 

One can correspondingly define the covariant derivatives for the spinors in a nat- 
ural way, adding the composite connections Dfj_(j)'^Aa- For instance, the covariant 
derivative for the hyperinos \E'" will contain the connections D^(f)°'A'^b, while the co- 
variant derivative for the gravitino and the tensorinos will contain the connections 
Dfj_(f)°'A^B- The covariant derivatives for the gauginos A*"^ are 

D,,y^ = d,\'^ + ^cu^^nT^A*^ + D.rAtBX''' + r^'A^^X^^ . (4.177) 

Notice that the gravitino, the tensorinos and the hyperinos are not coupled to the 
gauge vectors through terms that do not contain the hyper-scalars. 
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We now proceed to the construction of the model. We assume that the gauge 
group has the form G — Yiz^zj with semi-simple. The scalars in the hyper- 
multiplets are charged with respect to Gi. To lowest order in the Fermi fields, we 
reproduce the construction of Section 1, adding the hypermultiplet couplings. The 
equations for all fields, with the exception of the 2-forms, can be obtained from the 
lagrangian 



e-'C = --R + -GrsH^^^'^H^,^ - -d^v'd^Vr - -VrC^'tT^iF^^F^ 



1 1 

-4^+12 



„M rl 



,(4.178) 



after imposing the (anti) self-duality conditions. With this prescription, its variation 
under the supersymmetry transformations 

^^^^ = ~;^(^^^^'^) ' 
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= ^-^F'Y'e^ - n A UC^'' (4-179) 

gives the supersymmetry anomaly 

_ leM^P'^^>c^c-'tr,(5,A^F,,)c.:;, , (4.180) 
related by the Wess-Zumino conditions to the consistent gauge anomaly 

= -\e^^'''^'-cy^'tr,{Ad,A,)trAFpaFsr) ■ (4.181) 
Notice the presence in the lagrangian of the scalar potential 

n<l>)--^,AtBA^^Are ■ (4.182) 

As in rather more conventional gauged models, the potential contains interesting 
informations, and it may be very instructive to study its extrema in special cases. 

We now want to extend the results to all orders in the Fermi fields. First of all, 
we define the supercovariant quantities 

% — — — 

% — — — 

4. = i^M. + ^(A7;.^.)-^(A7.V'M) , (4.183) 

and require that the transformation rules for the Fermi fields be supercovariant. 
All fermionic terms in the supersymmetry transformations of the Fermi fields that 
are not determined by supercovariance are then obtained requiring the closure of the 
supersymmetry algebra on Bose and Fermi fields. Moreover, since the supersymmetry 
algebra on the Fermi fields closes only on-shell, in this way one can determine the 
complete fermionic field equations, and from these the complete lagrangian, up to 
some subtleties related to the (anti)self-dual forms, that will be described in section 
4. 



4.5 Inclusion of hypermultiplets 



105 



The complete supersymmetry transformations of the Fermi fields are 

+ ^l,u,x''^(er'x'') - |^.c-tr,[A^(e-7^A)] + i^,c-tr,[7^.A^(eVA)] 
_^^^c-tr,[7'^^A^(67^,,A)] - 5^^^^^^ , 



16 

c-tr,[7^A^(e-7''A)] - SrAUx^"" , 

Ki rz 

+|J;r(x^7..e)7'^'^A^ - 50M:^bA^ {z^l) , 

1 rf.M rl rf.M rl 



^sTix''^,.e)r''X'^ - SrAiBy"" - -^J-^^AW'e^ ■ (4.184) 

One can compute the commutators of two supersymmetry transformations on the 
Bose fields using these relations, and show that they generate the local symmetries: 

[Si, S2] = 5 get + Siorentz + ^susy + ^tens + ^ gauge + ^SO[n) , (4.185) 

where the parameters of generic coordinate, local Lorentz, supersymmetry, tensor 
gauge, vector gauge and composite SO{n) transformations are respectively 

-T;,c^^tr,[(ei7'"A)(e27"A) - (e27"A)(ei7"A)] , 
= ei^t + KTc^^Bef (ef *») - KTc^aB^f (6t*«) , 

^MN ^ ^.^Mr^Q^^N^ ^ (X^62)(X^61) - (x^6i)(x^62) . (4.186) 

In order to prove this result, one has to use the (anti) self-duality condition for the 
tensor fields, that to all orders in the Fermi fields is 

1 

6e 



Grs^Hvp — i^^^ij.i/pctSt'Hj. (4.187) 
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in terms of the 3-forms Il73 



= - -/{x''l,.pX'') + -/{^al,.p^') + ^c-tr,(A7,.pA) . (4.188) 

Requiring that the commutator of two supersymmetry transformations on the Fermi 
fields close on-shell then determines the complete Fermi field equations. The equa- 
tions obtained in this way are 



+_^A<-PA^(V^.7pA) - + -7^A^(^.7"A) + -7,A^(V^.7^'^a)] 

-'-xfc'^ti.YlA\x''Yl'X)] - \C^D>7^7^^a 

+^^:iBe°VA'^ = (4.189) 

for the gravitino, 

c^^tr,(F,.7"^A^) - ^xf c-tr,[7'^7'^A^(V^,7.A)] + \l^x''\x'' l,x'^) 
-^t;,c^^tr,[(x^VA)7'^'^A^] - lt;.c^^tr,[(x''^A)A^] 
~ ' : trJ(x^A)A-^] + i^^^^4^tr4(x^7..A)7^^A^] 

™A/ „rl 

A^Br^'' = (4.190) 



V2' 



si 



for the tensorinos,and 



1 



+ ^^^"''^V^fe(^c7M*d) + v^K."V*A'^ = (4.191) 

for the hyperinos. As usual, more care is needed in order to derive the equations 
for the gauginos, since the c^c^^' terms in the commutator of two supersymmetry 



4.5 Inclusion of hypermuHiplets 



107 



transformations are 



+ ^ihre2)CX\upX')Y'X^] . (4.192) 
lb 



If one allows for the term 



«c^c'-^'tr,4(A7^A')7^A'^] (4.193) 



in the gaugino field equation, then what remains of eq. ( |4.192| ) is 

Se.traia)X^ = ^-^e.^.X') {e^jA'h^'' X^ 

+ |(A7,A')(ei7.A')7"^6^ + ^{h,.pX'){e,YX')r^e^ 

+ ^(A7,A')(ei7'^'^''A')7,.6^ + ^(A7,A')(6i7'^A')6^ - (1 2) 

+ ^(6i7^e2)(AVpA')7^'^A^] . (4.194) 

As explained in Section (4.1), no choice of a can eliminate all these terms, that play 
the role of a central charge felt only by the gauginos. This is the "classical" realization 
of a general feature: anomalies in current conservations are accompanied by related 
anomalies in current commutators [78|. When this is properly taken into account, 
the field equations for the gauginos are 

^^;,c^^7'^^m(^)A^ + '-{d^VrVrX'' + -^t;,c-F,,7^7'^^V>;f 

^-j=x^c^'F,^Y''x''^ + ^x^c^'xfH;^^^^'^''X^ + ^xrc^^(x^A)7^^^ 



+ lx^'c^'ix''^,)rX^ - lx'/c-{x''l.Mr^'X^ - \xfc-\x''^,.rKX^ 
8 lo 4 fjc*^ 

+ ^ ^ : CX1,UX'')Y''X''^ - ^i'^al,u,^''h'"''X^ 

8 Vtd^ 96 
-t;,t;,c^'^c^^'tr,4(A7^A')7^A''^] + ac^c'^^'tr,,[(A7^A')7^A'^] = . (4.195) 

Actually to the left-hand side of this equation, valid for the case z 1, one has to 
add the terms 



108 



Chapter 4. Minimal six- dimensional supergravity 



in the remaining case, i.e. for A*. 

Having obtained the complete fermionic field equations, one can add to eq. ([4.178 
all the terms quartic in the Fermi fields, thus obtaining the complete lagrangian 



+ ^v,c^%T,[{F + F),,{ij,Y'rX)] + -^xf c^^tr,[(x^7^^A)4,] 

1 _ „M rl 

V z VsC 

+ lix'^Y'^'x^'K^i.^,) - l{x'W){x''i,x'') 

- '-x^'c^^tT,[{x''YYm,i.X)] + i(^^7.^p)^.c^^tr,(A7''^''A) 

- ^VrC^^tT,[{x''\){x^'\)] - ^t;.c-tr,[(x^'S,.A)(x*V'^A)] 

- \ : tr,[(x^^A)(x^A)] + ""^l Y trJ(x^VA)(xV-A)] 

+ ^t;,c'-^tr,(A7;..pA)(^^„7'^"''^") - ^t^r.t^.c^'c^^'tr,,,,[(A7^A')(A7'^A')] 

(y I - - 

+ -c'^^c^tr,,,,[(A7^A')(A7^A')] . (4.197) 

From this lagrangian, in the 1.5 order formalism and using the (anti)self-duality con- 
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ditions of eqs. ( [4.187|) and (|4.188|) , one can obtain the remaining complete bosonic 



field equations. Once more, it is important to notice that this lagrangian in nei- 
ther gauge invariant nor supersymmetric: its variation under gauge transformations 
produces the gauge anomaly of eq. (|4.181|) , while its variation under the complete 



supersymmetry transformations produces the complete supersymmetry anomaly 

A — r^r^^'-tr J — -p^^'^P"'^'^ ^ A A F' F' — IfA'i'Po-^r c a p / 

IP — IP — — 

5,A,(A7.A')(AV'^X*0] + ?5,[e(A7,A')(A7'^A0]} 



IPP^P^^ — 

- ^^^^rtr.[5.A,(A^7^A^)] . (4.198) 

The presence of a term proportional to the parameter a in eq. ( [4.197| ) reflects the 
general fact that anomalies are defined up to the variation of a local functional. Gauge 
and supersymmetry anomalies are in general related by the Wess-Zumino consistency 
conditions 

6,,A,, - 6,,A,, =Aa + A^ . (4.199) 

So the inclusion of hypermultiplets does not alter the peculiarity of these six dimensio- 
nal models: the second condition closes only on-shell, and precisely on the gaugino 



field equations |£9[ . Since the inclusion of the term proportional to a in the lagrangian 
modifies both these equations and the supersymmetry anomaly, there must be some 
extra terms that permit the Wess-Zumino conditions to close on-shell for every value 



of a. This is precisely the role of the terms in eq. ( |4.194| ) in the commutator of two 



supersymmetry transformations on the gauginos, that thus can be seen as a trans- 
formation needed in order to close the Wess-Zumino conditions precisely on the field 
equations determined by the algebra. Since the Wess-Zumino conditions need only 
the equation of the gauginos, only these fields sense the additional transformation. 
For completion, we observe that the PST method can be naturally applied here 
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following the results of Section (4.3): our theory describes a single self-dual 3-form 

n,., = Urli;,^ - 1(x^7m.pX"0 + ^(^a7p.p^") (4.200) 

and riT antiself-dual 3-forms 



n 



M 



xf^;,, + ^xfc^^tr,(A7,.pA) 



The complete Lagrangian is obtained adding to eq. ([4.197|) the term 



" " ln_/— n-f—i^P I n_/M+q_/M+ up-\ 



(4.201) 



(4.202) 



4(9S)2 ' '"'P 

where S is an auxiliary field and if^ = H±*H. The resulting lagrangian is invariant 



under the additional gauge transformations [112 



5B 



(4.203) 



and 



6E = A 



(4.204) 



used to recover the usual field equations for (anti) self-dual forms. The 3-form 



Kiiun ''^pvp 3 

is identically self-dual, while the 3-forms 



(4.205) 



(4.206) 



are identically antiself-dual In order to obtain the complete supersymmetry 

transformations, we have to substitute with K in the transformation of the grav- 
itino and with K'^ in the transformations of the tensorinos. Moreover, the auxil- 



iary scalar is invariant under supersymmetry ||83| , |I3|. It can be shown that the com- 
plete lagrangian transforms under supersymmetry as dictated by the Wess-Zumino 
consistency conditions. The commutator of two supersymmetry transformations on 
-B^j, now generates the local PST transformations with parameters 



A = eop 



(4.207) 



while in the parameter of the local Lorentz transformation the term 7i is replaced by 
K. All other parameters remain unchanged. 
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Following the results of Section (4.4), one can also generalize these results to the 
case in which abelian vectors are present. We will then consider the gauging with 
respect to abelian subgroups of the isometry group. There are no subtleties when the 
symmetric matrices c}j are diagonal (or simultaneously diagonalizable) , since in this 
situation the previous results can be straightforwardly applied. We are thus interested 
in the case in which the Cjj can not be simultaneously diagonalized. To this end, 
we will consider a model in which only these abelian gauge groups are present. The 
most general situation can be obtained combining the following results with those 
obtained previously. 

We denote with Aj^, I = l,...,m, the set of abelian vectors, and the gauginos 
are correspondingly denoted by A^"^. We collect here only the final results, since the 
construction follows the same lines as in the non-abelian case. All the field equations 
may then be derived from the lagrangian 



_^ rlj rpl rpJtii^ _ AivpaST IJ r>r rpl rpj 

^UrL. J- f^n-L 16e ^hv-^p<j-^5t 
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• c){v . c)-\x^ . c)]"[-^(x^V)(x^A^) 
+^(xV^A0(x^7..A'^) - ^(rAO(x^A^)] 

+%''''c^\X'^X)CX'YX'')] . (4.208) 

o 

The variation of this lagrangian with respect to gauge transformations gives the 
abehan gauge anomaly 

= -^e^'''^'^cl'c^'''^A'Fi,F^,Fi; , (4.209) 
while its variation with respect to the supersymmetry transformations 
5e^- = -i(e-7"^V'^) , 

6vr = xriex^) , dx^ = vr{ex'') , 

5< = D,{u;)e^ + {vrH^^'e^ - |7.X^^(ex^) - ^7^X^^(6-7m.X^) 
+^7m.pX^^(67^''x^) - ^^.c'-^^A^^(67,A^) + ^^.c'-^^7m.A^^(67^A^) 



32 

+\x^d''^,X^\e^^X') - SrAisx'"'' 
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+ ^(X%.6)7^^A-^^] - 50M^bA^^ - 71 ■ ^yT^tsC'e^ (4.210) 
gives the supersymmetry anomaly 

+Y|^5,e,-(AV'^''A-^)(A^7™.pA^) - -^^^^(A V7'^7''A^)(AS.^,)} 
+ec;^[c'-(t; ■ c)-i(x*^ ■ c)]^^{-^Mi(A VA^)(x^^A^) 
+j^Mi(AV7'^^A^)(x^^.,A^) - ^5,A;.(AVA^)(x^'A^)} 
-^ci'[{v . c)-^cr"^.4-^^Br^(Ai7^A^^) 

+^c^^c^^^5,[e(A^^A^)(AVA^)] • (4.211) 



Once again, in the case of the gauginos, aside from local symmetry transformations 
and field equations, the commutator of two supersymmetry transformations generates 
the additional two-cocycle 

5(„)A^ = [{v ■ c)-ic.]^V^^[-l(ei7,A^)(e27.A^)7^^A^ - |(A%.A^)(ei7.A^)7'^^e2 
+ ^(A VpA^)(ei7''A^)7'^^e2 + ^(A V'')(e"i7^^''A^)7,.e2 
+ ^(A^,A^)(ei7'^A^)e2 - (1 2) 
^ ~ " 'eil'e^) (A%,pA^)7'^''A^] . (4.212) 



32 

All the observations made for the non-abelian case are naturally valid also here: the 
theory is obtained by the requirement that the Wess-Zumino conditions close on- 
shell, and, as we have already shown, it is determined up to an arbitrary quartic 
coupling for the gauginos. In the case of a single vector multiplet, in which this 
quartic coupling vanishes, the two-cocycle of eq. (|4.212|) is still present, although it 



is properly independent of a. The tensionless string phase transition point in the 
moduli space of the scalars in the tensor multiplets now would correspond to the 
vanishing of some of the eigenvalues of the matrix [v ■ c)^'^ . 
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4.6 Discussion 

In the previous Sections we have completed the couphng of (1, 0) six- dimensional 
supergravity to tensor, vector and hypermultiplets. The coupling to tensor multiplets 
only, initiated by Romans [^, is of a more conventional nature, and parallels similar 



constructions in other supergravity models. On the other hand, the coupling to vector 
multiplets ||5^, originally suggested by perturbative type-I vacua [^], is of a more 



unconventional nature, since it is induced by the residual anomaly polynomial left 
over after tadpole conditions are imposed. 



^8 = - E <• 4 ^rs tr^F^ tTyF^ . (4.213) 

x,y 

The corresponding Chern-Simons couplings of the two-forms, 

= dB"" - d'^uj, , (4.214) 

involve the constants and determine related couplings of the other fields. In par- 
ticular, the Yang-Mills currents are not conserved, and the consistent residual gauge 
anomaly is accompanied by a corresponding anomaly in the supersymmetry current 
|6^ . In completing these results to all orders in the Fermi fields, we have come to 



terms with another peculiar feature of anomalies, neatly displayed by these "classical" 
field equations: anomalous divergences of gauge currents are typically accompanied 
by corresponding anomalies in current commutators |7^. Indeed, we have discov- 
ered an amusing extension of the supersymmetry algebra on the gaugini, and we 
have linked its presence to an ambiguity in the definition of the supergravity model 
via Wess-Zumino consistency conditions. Whereas typical supergravity constructions 
yield a unique result, here one is free to add to the theory a quartic coupling for the 
gaugini 

p(y I — — 

£,4 = — cld^ tr,,,,[(A7°A')(A7aA')] , (4.215) 

whose presence affects only the supersymmetry anomaly. The Wess-Zumino condi- 
tions for six- dimensional supergravity close only on the field equation of the gaugini, 
and are consistent for any choice of a only thanks to the presence of the exten- 
sion, as discussed in Section 3.3. Finally, we should mention that the singular gauge 



couplings v'''cl of ref. |5J] are accompanied by corresponding divergent fermionic cou- 
plings, while the inclusion of charged hypermultiplets gives an additional contribution 
to the supersymmetry anomaly. 
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It would be interesting to study in some detail the vacua of the lagrangian ( [4. 1971) , 



analyzing the extrema of the potential (|4.182| ). As a simple example, consider the 



model without hypermultiplets, in which one can gauge the global R-symmetry group 
USp{2) of the theory. Formally, the gauged theory without hypermultiplets is ob- 
tained from the theory described previously putting uh = and making the identi- 
fication 

Aisr^-iT'^B , (4.216) 

where T* are the hermitian generators of USp{2). This corresponds to the replace- 
ment of the previous couplings between gauge fields and spinors, dressed by the 
scalars in the case nn 7^ 0, with ordinary minimal couplings: 

D^rA^Be"" ^tA^Be"" . (4.217) 
Implementing this identification gives in this case the positive-definite potential 

V = ^ (4-218) 

for the scalars in the tensor multiplets. One would thus expect that in these models 
supersymmetry be spontaneously broken. Notice that this potential diverges at the 
tensionless string phase transition point. Similarly, one could try to study explicitly 
the behavior of the potential in simple models containing charged hypermultiplets. 
Their dimensional reduction gives N=2 supergravity coupled to vector and hypermul- 
tiplets in five dimensions, and in the context of the AdS/CFT correspondence and 
its generalizations |^ there is a renewed interest in studying the explicit gauging of 



these five-dimensional models (see, for instance, and references therein). Notice 
that in five dimensions the anomaly that results from the dimensional reduction of 
our model can be canceled by a local counterterm, and thus the low-energy effective 
action does not present the subtleties of the six-dimensional case [|6^ . 

The couplings we have derived here are the most general couplings of (1,0) six- 
dimensional supergravity to vector, tensor and hypermultiplets. One may wonder 
if one had the option to gauge a subgroup of 5*0(1, nj-), the isometry group of the 
scalars in the tensor multiplets. Of course, we do not know how to write a gauge 
covariant field-strength for interacting antisymmetric tensor fields, but there is a more 
direct reason why this gauging is not expected to work, namely the fact that once 
we couple vector and tensor multiplets, the SO{l,nT) transformations are no longer 
global symmetries of the theory, because of the presence of the matrices c^. 



Chapter 5 

Low-energy actions for brane 
supersymmetry breaking 



In Chapter 3 we have shown that orientifold vacua [0, allow the simulta- 
neous presence of supersymmetric bulks, with one or more gravitinos, and non- 
supersymmetric combinations of BPS branes. The resulting "brane supersymme- 
try breaking" can be realized in stable configurations, in ten dimensions with only 



anti-i59 (-D9) branes and in six and four dimensions, up to T-dualities, with 
tachyon-free combinations of D9 branes and anti-D5 (-D5) branes [^. Since this 
is only one of the options offered by this class of models for the breaking of super- 
symmetry, a fundamental issue in attempting to relate string theory to low-energy 
physics, it is instructive to briefly review our current knowledge in this respect. 

In perturbative string vacua, one has actually four options for supersymmetry 
breaking. The first is to break supersymmetry from the start, so that no gravitinos 
are present, and the resulting models, descendants of the type-0 models of 



have 



in general tachyonic modes although a special Klein-bottle projection, suggested 
by the WZW constructions of [^, leads to the O'B model that is free of tachyons. 



a property shared by its compactifications \dO\ and neatly rooted in its brane con- 



tent 91 



The second option is the Scherk-Schwarz mechanism in which the 
breaking, induced by deformed harmonic expansions in the internal space, is at the 
compactification scale. In this setting, widely studied in the context of models of ori- 



ented closed strings [Q, the presence of branes allows the new option of correlating 
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the Scherk-Schwarz deformations to the brane geometry, giving rise, in particular, 
to the phenomenon of "brane supersymmetry" , whereby one or more residual global 



supersymmetries are left, to lowest order, for the brane modes |94|. The third option. 



magnetic deformations ||95[, resorts to the different magnetic moments of the various 
fields to induce supersymmetry breaking ||96[ , again at the compactification scale, but 
the resulting vacua, that have also T-dual descriptions in terms of branes at angles 
p7[] , generally contain tachyons [Q, aside from some special instanton-like stable 



configurations that recover supersymmetry, albeit with gauge groups of reduced rank 
p9[| . Finally, one has the option of brane supersymmetry breaking [|^, |4^, made 
possible by the presence of two types of 0-planes. Together with the conventional 
0_, with negative tension and negative R-R charge, there are indeed additional BPS 
objects, the 0+ planes, with positive tension and positive R-R charge, and while 
the two can coexist in supersymmetric Klein-bottle projections, the saturation of the 
0+ charge requires the presence of anti-branes, with the result that supersymmetry 
is broken on the latter at the string scale. It is the rigidity of the breaking scale, 
together with some special features of the resulting low-energy effective field theories, 
that typically do not allow a gravitino mass term, that makes the explicit construction 
of the goldstino couplings quite interesting in this case. 

Dudas and Mourad ||100|| have shown that, in the simplest model with brane su- 



persymmetry breaking, the f/S'p(32) model of the low-energy gravitino couplings 
reflect a non-linear realization of local supersymmetry a la Volkov-Akulov, along the 



lines of ||101|| , and their work is the starting point for our considerations. Let us stress 
that, while all branes, including the supersymmetric ones, result in the non-linear re- 
alization a la Born-Infeld of the supersymmetries broken by their presence, here one 
arrives at a complete breaking, and the peculiarity with respect to lower- dimensional 
settings for the super-Higgs mechanism is the absence of a gravitino mass term. This 
feature is common to the case analyzed in ||10CI|| and to the lower-dimensional models 
of [^, that we shall also discuss in this Chapter [|104|| . Actually, all these configura- 
tions, even the supersymmetric ones, can accommodate additional brane-antibrane 
pairs of identical dimensions, that are to be spatially separated in order to lift the 
resulting tachyons. These additional pairs provide in their own right additional ways 
to realize brane supersymmetry breaking, but have clearly potential tachyon insta- 



bilities ||102|| for their geometric moduli, in view of the mutual attraction of identical 
branes and antibranes. We shall thus confine our attention to the "minimal" config- 



urations of 1 48, 4S] demanded by tadpole cancellation, although the other pairs could 
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be described along similar lines. Still, we should mention that non-minimal brane- 
antibrane configurations are also quite interesting, and are currently the object of a 
considerable activity as a string setting for brane-world extensions of the Standard 



Model 98, 103 



All models with brane supersymmetry breaking contain a candidate goldstino 



among their brane modes, and in [|10CI|| Dudas and Mourad indeed constructed the low- 
energy couplings of the goldstino for the ten-dimensional USp{32) Sugimoto model 
of 1^ up to quartic fermionic terms. These were all shown to be of a geometric 
nature, being induced by the dressing of bulk fields with additional terms depending 
on the goldstino in all their couplings to the non-supersymmetric brane matter, aside 
from some Wess-Zumino-like terms resulting from the supersymmetrization of the 
Chern-Simons couplings. The geometric nature of the dressing implies that non-linear 
supersymmetries of the matter sector take the form of gaugino-dependent general 
coordinate transformations. In this chapter, following the results of [|104|| , we extend 
the work of [|10CI|] , showing that, up to quartic fermionic terms, the whole low energy 
effective Lagrangian of the Sugimoto model, including the Chern-Simons couplings, 
has a geometric nature when expressed in terms of the dual 6-form gauge field, rather 
than of the more familiar 2-form. The starting point in this case is thus the low- 
energy supergravity built long ago by Chamseddine , rather than the model of |jl^, 
|15|. The ten-dimensional Chern-Simons terms become in this way higher derivative 
couplings that, as such, do not appear in the low-energy effective action, while a 
Wess-Zumino term must be added, and this can be simply "geometrized" dressing 



the six-form along the lines of ||10CI|| . We also extend the analysis of the low-energy 
effective action to six dimensional models with brane supersymmetry breaking. The 
starting point in this case is provided by the low-energy (1,0) effective actions of 
[0, [Ty, |7^, |7^. These, however, include both Wess-Zumino and Chern-Simons 

couphngs for the gauge fields, and as a result have the subtle feature of embodying 
reducible gauge anomalies to be canceled by fermion loops. This peculiar feature, not 
present in the earlier constructions of motivated by perturbative heterotic strings, 
links these constructions to the Wess-Zumino conditions for the anomalies, with the 
end result that many familiar properties of current algebra find in this case an explicit 
local realization. In order to write a covariant action for the resulting (anti)self-dual 
3-forms, we shall resort to the method of Pasti-Sorokin-Tonin [|12|. The remaining 
couplings are determined requiring that supersymmetry be non-linearly realized as in 
the ten-dimensional case, but the simultaneous presence of Chern-Simons and Wess- 
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Zumino terms produces a novel effect. Indeed, while the action is still determined by 
the underlying geometrical structure, as is often the case with Wess-Zumino terms, 
only the field equations are geometrical in this case, aside from anomalous terms that 
arise in the presence of vectors from both supersymmetric and non-supersymmetric 
sectors. 

The chapter is organized as follows. In Section 1 we review the low-energy effective 
couplings built by Dudas and Mourad ||100|| for the ten-dimensional model and exhibit 



their geometric nature in terms of the 6-form potential. Section 2 is devoted to the 
six-dimensional non-linear realizations, and finally. Section 3 contains a discussion of 
the results. 

5.1 Low-energy couplings for the Sugimoto model 

This section builds on ||100|| , where the low-energy effective action for the USp{32) 
model was constructed, to lowest order in the Fermi fields, requiring that super- 
symmetry be non-linearly realized on the D9 branes, and thus obtaining consistent 



couplings for the gravitino. Our aim is to show how all the couplings of |100| can be 



written in a geometric form ||104 |. 



Let us start by reviewing the work of [|100|| . As we have seen in Chapter 3, the 
Sugimoto model results from a different IIB orientifold projection with respect to the 
one leading to the type-I 5*0(32) theory. The closed spectrum is identical in the two 
cases, and comprises at the massless level the (1,0) supergravity multiplet, with the 
vielbein e^"*, a 2-form 5^,^, the dilaton 0, a left-handed gravitino and a right- 
handed dilatino while the open sector describes a USp{32) gauge group, whose 
gauge boson is accompanied by a massless Majorana-Weyl spinor in the reducible 
antisymmetric representation, that contains a spinor A in the 495 and a singlet 6. 



Dudas and Mourad identified in ||100|| this singlet as the goldstino of supersjTumetry, 
that is non-linearly realized on the brane modes, consistently with its breaking at the 
string scale. Starting from this, they constructed the low-energy effective action for 
the Sugimoto model up to quartic terms in the spinors. 



Let us briefly review how a single spinor can be treated d la Volkov-Akulov ||101|| 
as a goldstino of global supersymmetry. Let us restrict our attention to the ten 
dimensional case, considering a Majorana-Weyl fermion 6 with the supersymmetry 
transformation 

69 = e-'-{ej''9)d^9. (5.1) 
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The commutator of two such transformations is a translation, 

[5,,52]9 = -tie2re,)d^9 , (5.2) 

and thus eq. ( |5.1|) provides a reahzation of supersymmetry. In order to write a 
Lagrangian for 6 invariant under eq. ( |5.1| ), let us define the 1-form 

er = s^;: - '^{ei-'d.e) , (5.3) 

whose supersymmetry transformation is 

^e"^ = -L^e™ , (5.4) 
with the Lie derivative with respect to 

^, = ~ih,e) . (5.5) 

The action of supersymmetry on e is thus a general coordinate transformation, with 
a parameter depending on 6, and therefore 

£ = - det e (5.6) 

is clearly an invariant Lagrangian. Expanding the determinant, one can see that 
the energy has a positive vacuum expectation value, and supersymmetry is thus 
spontaneously broken. Using the same technique, for a generic field A that transforms 
under supersymmetry as 

6A = -L^A , (5.7) 

defining the induced metric as Qf^u = e^'^e^m, a supersymmetric Lagrangian in fiat 
space is determined by the substitution 

C{7],A)^eC{g,A) . (5.8) 

We can now review the results of [|100|1 , and to this end we begin by considering 
the Lagrangian for the closed sector 



I2V2 ^'"'"'^ ' 2v^ 
+ l-e-^H,,,{^l,^^^^PYx) , (5.9) 
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that provides a linear realization of the minimal (1,0) ten-dimensional supersymmetry, 
and is thus invariant under the local supersymmetry transformations 

i 1 

5x = -^5^07^e-^e-*/f^^''7M.pe . (5.10) 

In the supersymmetric case, when these bulk modes are coupled to a gauge multi- 
plet supported on the 9-branes and containing a vector and a left-handed gaugino 
A both in the adjoint representation of 5*0(32), supersymmetry requires that the 
3-form H^i^p include a Chern-Simons coupling, so that 

Hf,^p = 3dif,B^p] + V2ujf,up , (5-11) 
where uj^i^p is the Chern-Simons 3-form defined as 

uj = AdA-—A^ , (5.12) 



3 

and this leads to the modified Bianchi identity 



d[pH,p,] = ^tT{F[p,Fp^]) . (5.13) 



The Lagrangian for supergravity coupled to vector multiplets is then ^ (see 
Section (1.4)) 

- ^e-'f'Hp^p{i,^^'^'^^^i;s) + :^e-'f'Hp^p{rYV) 

+ ^e-<^iJ^,,(47^"Vx) +^tr(V^M^) 

- ie-^^tr[F^^(A7^,x)] + -^e-^<^tr[F'^'^(A7,7M.^0] 

- -l=e-<^i/'^'^^tr(A7,.pA) , (5.14) 



5.1 Low- energy couplings for the Sugimoto model 



123 



up to quartic terms in the fermions. The supersymmetry transformations of the bulk 
fields e^™, 0, ipfi and x ^^^^ ^ before, while for the gauge multiplet 

5A, = -^e'^'^{e^,\) , 



SX 



i^e-^^F^'^7M-e . (5.15) 



2V2 

Gauge invariance of H requires that under vector gauge transformations B transform 



as 



6B = -V2tT{AdA) , (5.16) 

and in order that gauge and supersymmetry transformations commute, up to a tensor 
gauge transformation, one has to add a term to the supersymmetry variation of B^^u, 
obtaining 

SB,, = -^e\e^^M - \e\e^,.x) + 2v^tr(A[,,M,]) . (5.17) 



In order to couple the Lagrangian ( p. 91) to non-supersymmetric matter, one must 
construct from the fields of the supergravity multiplet quantities whose supersym- 
metry variations are general coordinate transformations with the parameter of eq. 
).5|). We thus define 



1 



— {dx) + ^^e~t>{h,.pe)H^'"' (5.18) 



so that 



and 



e'5M0 = w (5.19) 



1 — I? — 

+ -^e-'i>{h,.,e)H-'"' + ^e-^{er'''e)H,,, (5.20) 

so that 

^e^'" = 55cte^'" + A%e/ , (5.21) 
where the parameter of the local Lorentz transformation is 

? — ? — il — 
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In constructing a Lagrangian invariant under non-linear supersymmetry that couples 
supergravity to non-supersymmetric matter, it is important to notice that eq. (p.ll|) 
still holds, because of anomaly cancellation. For the same reason, the variation of B 
is still given by eq. (|5.17|) , once one uses the new transformation for A^, 

5A, = F^,i^ . (5.23) 

Observe that this covariant expression for 5A^j, contains the proper coordinate trans- 
formation, together with an additional gauge transformation of parameter 

^ = eA^, . (5.24) 

The supersymmetry transformation of the spinor A in the 495 of U 5*^(32) will not be 
taken into account in this discussion, since it contains higher-order Fermi terms. One 



can now include [100] the kinetic term for An and the dilaton tadpole in a Lagrangian 



that is supersymmetric up to terms quartic in the fermions, considering 

— IP — 

+ tetT{\^^D,\)--^e-"^W"'ni{\^,,,X) , (5.25) 

where in the Sugimoto model A = 64T9, with Tg the anti-brane tension. By string 
considerations, one can show that the coefficient of the coupling of H to X^, not con- 
strained by supersymmetry at this level, is the same as in the supersymmetric case 
|[100|| . Actually, the Lagrangian of eq. ( |5.25[ ) is still not invariant under supersymme- 
try, since the inclusion of the Chern-Simons term and the consequent modification 
of the Bianchi identity for H generate contributions proportional to F A F in the 
variation of Cdosed- Up to higher order fermionic terms, however, these are exactly 
canceled by the variation of the additional terms 

1 3? - 1 - 



6\V2 'V2 4 

-je-'^{ej,,...,,rse)H,/' - -e-'\h,.,.,m,.,.,.MFM . (5.26) 
To summarize, up to quartic fermionic terms the Lagrangian is 
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— 7 P — 

1 S? - 1 - 

1 — I? — 

- -e-"*'{h,,...,,rse)H,/' - -e-^^{h,,,,,,e)H,.,.,MFM -(5.27) 



As noticed in | |10U|| , in this formulation a geometric description for the terms in eq. 
( |5.26|) is not possible, i.e. it is not possible to rewrite them in terms of properly 
dressed bulk fields adding fermionic bilinears containing the goldstino. We can now 
explain why this is the case, and moreover we can also show how a geometric de- 
scription is possible, after performing a duality transformation to a 6-form gauge 
field. 

Let us again begin with standard results: performing a duality transformation 
on eq. (|5.14| ), one obtains a new Lagrangian, with a 6-form rather than a 2-form, 
coupled to vector multiplets [1^. Technically, this is performed starting from the 
first-order Lagrangian 

r — \p-'^'t>H H'^'^p I ^ Mi-.-wAf^pa f) TT 

'~' ^J-pvp^J- 2 g|"= '~'p\^p2---P7^^ Pfp 

1 e^i-A'aA^-P-E^^ ^^tr(F^,F,J (5.28) 



6!v^ 



that contains both the 2-form and the 6-form. The field equation for Bq is then 
exactly the Bianchi identity of eq. ( |5.13| ) for H^., while the field equation for is 

e-^H^ = e'^*Hj , (5.29) 

where = cIBq. The Lagrangian obtained substituting this relation in ( ^.28| ) and 
redefining if 7 Hj, 

C = ^e'^H,,...,,H^-^^ + ^^tr(F,.F,J , (5.30) 

shows how the Chern-Simons term in is replaced by the Wess-Zumino term B A 
F AF. 



If one performs this duality transformation in (|5.14|) , one ends up with the La- 



grangian originally obtained by Chamseddine [|16 
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+ ^e-'^hv[F^^{h,^,^V)] + -^e'^H^^-^^iv{X^,,,„,,X) . (5.31) 

The corresponding supersymmetry transformations are obtained from eq. (|5.15|) per- 
forming the redefinition of eq. (|5.29|) on the variations of ip^ and Xi leaving the 
variations of e^™, 0, and A unaffected and replacing the variation of the 2- form 
with 

3i 1 

Notice that the supersymmetry variation of the 6-form does not include a term de- 
pending on the vector field. This reflects the fact that the 6-form is inert under gauge 
transformations, since its field-strength does not contain a Chern-Simons form, that 
in this case would enter higher-derivative couplings not present in the effective su- 
per gravity. 

One can now couple the supergravity multiplet expressed in terms of the 6-form 
to non-supersymmetric matter. In order to do this, together with and e^™ of eqs. 
( [5.18| ) and ( |5.20| ), one must define the dressed 6-form 

3i - 1 - 

3i 

- |e-2^^"7[M....P5r^^)^^/' - |e-2^e"7[^,^,^3^)i/^,^,^,] , (5.33) 

whose supersymmetry transformation is a coordinate transformation, up to an addi- 
tional tensor gauge transformation of parameter 

K.-,. = -^e-'^{9^,,,„,^e) . (5.34) 

We have intentionally written the last line of eq. (|5.33| ) in terms of the dual 3-form, 
using eq. (|5.29|) , so that the similarity with eq. ( p.26| ) be more transparent. The 
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Lagrangian for the closed sector, 

+ ,^e^H^'-^^{ri,,...,rl.x) (5.35) 



is simply obtained performing the duality transformation in eq. ( |5.9| ), while the same 
duality in eq. (|5.27| ) gives 



— IP — 

+ ietT{\^^D,\) + _^e<^if^-^^tr(A7^,...^,A) 

+ ^e^^-^'^^'''B,„„,MF,uF,.) . (5.36) 

Note that in this Lagrangian all terms containing the goldstino are grouped in redefi- 
nitions of the bulk fields, and therefore all couplings are written in a geometric form. 
This result concludes this section: for the ten-dimensional ?7 5*^(32) model a fully ge- 
ometric description is possible if one formulates it in terms of the 6-form, since in this 
case the Chern-Simons term is higher derivative, and thus is not in the low-energy ef- 
fective action. More precisely, as we have seen, duality maps the Chern-Simons term 
into the Wess-Zumino term, and this falls simply into a geometric form. The result 
is still valid in presence of additional brane-antibrane pairs, since the introduction 
of supersymmetric vectors does not modify the field strength relative to the 6-form 
potential in the low-energy effective action. In the dual theory, although the field 
strength of the 2-form is modified, no additional terms containing the goldstino have 
to be added to the low-energy lagangian. As we shall see, this feature is common to 
the six-dimensional case. 

5.2 Geometric couplings in six- dimensional mod- 
els 



In this section we construct the low-energy couplings for six-dimensional type-I mod- 
els with brane supersymmetry breaking |^ . All the features of brane supersymmetry 
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breaking are present in the jZ^ orientifold of where a change of the orientifold 
projection leads to branes and Z)5 branes. The spectrum has (1, 0) supersymmetry 
in the closed and 9-9 sectors, while supersymmetry is broken in the 9-5 and 5-5 sec- 
tors. The gauge group is 5*0(16) x 50(16) on the D9 branes and U S'p(16) x U 5*^(16) 
on the -05 branes, if all the -D5 branes are at a fixed point. 

One of the peculiar features of low-energy effective actions for six- dimensional 
type-I models with minimal supersymmetry is the fact that they embody reducible 
gauge and supersymmetry anomalies, to be canceled by fermion loops. Consequently, 
the Lagrangian is determined imposing the closure of the Wess-Zumino consistency 
conditions, rather than by the requirement of supersymmetry. We use the notations 
of the previous chapter, and we denote the vector multiplet from the 9-9 sector as 
^(9)^_X(9)A Denoting with $° [a = l,...,?T,r) the scalars in the tensor multiplets, 
parametrizing the coset SO{l,nrp)/SO{nj'), the vielbein V^^ of the internal manifold 
is related to and x^'^^ of eq. ( [4. 3D by 

Vi' = v'd^x^ , (5.37) 

where da = 9/9$". The metric of the internal manifold is g^p = V^V^ . 

Denoting with v4^^^* the gauge fields under which the hypermultiplets are charged 
(the index i runs in the adjoint of the gauge group), under the gauge transformations 

5Af' = D^A^^^' (5.38) 

the scalars transform as 

50" = A(9)*^«* , (5.39) 

where are the Killing vectors corresponding to the isometry that we are gauging. 
The covariant derivative for the scalars is then 

D^r = d,r-A'^^^T ■ (5.40) 
The covariant derivatives for the gauginos are 
D,X^'->^'^ = d,X^'^'^ + i^^^nT'^^A^^)^^ + D.^A^bX^'^''' + p^Af^X^'^''^ , (5.41) 

where f^^^ are the structure constants of the group. 

We use the method of Pasti, Sorokin and Tonin (PST) [|12| in order to write a 
covariant action for fields that satisfy self-duality conditions. For a self-dual 3-form 
in six dimensions the PST action 
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where H = if — *H and S is a scalar auxiliary field, is invariant under the standard 
gauge transformations for a 2-form, 

5B = dA, (5.43) 
and under the additional PST gauge transformations 

6B^, = {d,E)A, - {d,E)A^ (5.44) 

and 

52 = A , SB,, = -^H;,^d''E . (5.45) 

We have a single self-dual 3-form and ut antiself-dual 3-forms, where ht is equal to 
17 in the jZ^ model of [0. These forms are obtained dressing with the scalars in 



the tensor multiplets the 3-forms 

= dB' - c'""a;(^)" , (5.46) 

where the index z runs over the various semi-simple factors of the gauge group in the 
9-9 sector, uj is the Chern-Simons 3-form and the c's are constants (we denote with 
z = 1 the group under which the hypermultiplets are charged). More precisely, the 
combinations 

H,,, = VrH;,^ (5.47) 

and 

= ^rH^u, (5.48) 



are respectively self-dual and antiself-dual 0|, to lowest order in the Fermi fields, 
although in the complete lagrangian these conditions are modified by the inclusion 
of fermionic bilinears. As in ten dimensions, the gauge invariance of if in eq. (|5.46| ) 
implies that B^ vary as 

SB' = c"^tr,(A(9)rfA(9)) (5.49) 

under gauge transformations. 

To lowest order in the Fermi fields, the Lagrangian describing the coupling of the 
supergravity multiplet to ut tensor multiplets, vector multiplets and uh hypermul- 
tiplets is 
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1 M rl 

+ ^^^Br(Ar7^0 + ^^;^B^r(Arx*^^) , (5.50) 



where Grs = Vr-Vg + a;*^x*^, while 



n,., = VrH;,^ - |(V^[^7.V^p]) - ^(x*'7m.pX*0 + ^(^a7^.p^'^) (5.51) 

and 

= + lix^'llM + ^xf c'-^tr,(A(^)7M.pA(^)) (5.52) 

satisfy on-shell self-duahty and antiself-duahty conditions, respectively. Finally, H is 
the PST auxiliary field. 

Due to eq. ( p.49| ), the Wess-Zumino term B A F A F is not gauge invariant, and 



thus the variation of eq. ( 5.50| ) under gauge transformations produces the consistent 
gauge anomaly 

Aa = -^e'^'^'''^^^c^c'-^'tr,(A(9)9^49))tr,,(F(^)Ff ) , (5.53) 
related by the Wess-Zumino conditions to the supersymmetry anomaly 
A = e'^^'''^'^<c'-^'[-^tr,(5,49)49))tr.,(F(!)Fi?) - ^tr.(5,49)FW)4t'] , (5-54) 



that one can recover varying the Lagrangian of eq. ( |5.50|) under the supersymmetry 
t r ansf ormat ions 

6e,^ = -t{e^"^i;,) , 
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5$" = V^^'ix'''^) , 



6E = 



5Af = -^(e^,\^'^) , 

'''''-^2'^''^'''^^ (5.55) 



where 



and 



_ y 



K^yp — Hpyp 3 l^r^^p '^o-i/p] (5.56) 



-^u^p — '^uL 3 l'n"\2 '^^fil (5.57) 



are identically self-dual and antiself-dual, respectively. In the complete theory, the 
anomalous terms would be exactly canceled by the anomalous contributions of fermion 
loops. 



Following the same reasoning as for the ten dimensional case of ||100|| , we can de- 
scribe the couplings to non-supersymmetric matter requiring that local supersymme- 
try be non-linearly realized on the l)5-branes, and requiring that the supersymmetry 



variation of the non-supersymmetric fields be as in eq. ( |5.7| ). As explained in ||10(]|| and 



reviewed in the previous section, to lowest order in the fermions the coupling between 
the supersymmetric sector and the non-supersymmetric one is obtained dressing the 
bosonic fields in the supersymmetric sector with fermionic bilinears containing the 
goldstino, whose supersymmetry transformation is 5^ = e to lowest order in the fer- 
mionic fields. As a result, the supersymmetry variation of the dressed scalars in the 
tensor multiplets 

= v^^{ex^) + ^v''^xfH'(e-i^"'pe) (5.58) 



24 
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is a general coordinate transformation of parameter 



i, = -\ih,e) . (5.59) 



This definition of $ then induces the corresponding dressing 



t;^ = ^;'--X*^^(0VO-^^;.p(^V^''^) , (5.60) 

and, in a similar fashion, the supersymmetry transformation of 

0" = 0° - - ^V>,aI^"'^''(^V^b)^m/ (5-61) 

is again a coordinate transformation with the same parameter, together with an 
additional gauge transformation of parameter 

A(9) = ^/^^(f) . (5.62) 



Similarly, the supersymmetry variation of 



er = + Kh-'i^,) - '^{Ol'^D.e) - lvrH;,^{e^^''^e) (5.63) 



contains also an additional local Lorentz transformation of parameter 

where u denotes the spin connection. Since the scalars in the non-supersymmetric 
9-5 sector are charged with respect to the vectors in the 9-9 sector, we define also 

+^^fBr(^"A7X) , (5.65) 

whose supersymmetry transformation is a general coordinate transformation of pa- 
rameter as in eq. (|5.59| ) , aside from a gauge transformation of parameter as in ( ^.621) . 



If one requires that the supersymmetry variation of the vector Af from the non- 
supersymmetric 5-5 sector be 

Mf = F(5,)r , (5.66) 
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namely a general coordinate transformation together with a gauge transformation of 
parameter 

A(5) = ^'^^(f) , (5.67) 
one obtains a supersymmetrization of the kinetic term for A^^^ writing 

where 

9fj.i^ ~ ^vm ; (5.69) 

and the index w runs over the various semi-simple factors of the gauge group in the 
5-5 sector. In analogy with the ten-dimensional case, the uncanceled NS-NS tadpole 
translates, in the low-energy theory, in the presence of a term 

-Aefi^^r) , (5.70) 

that depends on the scalars of the closed sector and contains the dilaton, that be- 
longs to a hypermultiplet in type-I vacua. Thus, supersymmetry breaking naturally 
corresponds in this case also to a breaking of the isometries of the scalar manifolds. 

Denoting with S the scalars in the 9-5 sector, charged with respect to the gauge 
fields in both the 9-9 and 5-5 sectors, we define their covariant derivative as 

D^S = d^S-zA^^^S-zA^^'^S , (5.71) 

so that the term 

hiD,SyiD,S)r (5.72) 

is supersymmetric, if again the supersymmetry transformation of 5* is a general coor- 
dinate transformation, together with a gauge transformation of the right parameters. 
As in the ten-dimensional case, if one considers terms up to quartic couplings in the 
fermionic fields, one does not have to supersymmetrize terms that are quadratic in 
the additional fermions from the non-supersymmetric 5-5 and 9-5 sectors. Denoting 
with A*^^^ these fermions, the coupling of A^^-*^ to the 3-forms is not determined by 
supersymmetry, and can only be determined by string considerations, as in [|100| . 



The inclusion of additional non-supersymmetric vectors modifies H^, that now 
includes the Chern-Simons 3-forms corresponding to these fields, so that eq. (|5.46|) 
becomes 

H'' = dB' - c'^u^'^^ - c^'^J^)^ . (5.73) 
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The gauge invariance of if then requires that 

= c''"'tr^(A(^)rfA(^)) (5.74) 

under gauge transformations in the 5-5 sector. Consequently, the supersymmetry 
transformation of is also modified, and becomes 

- 2nMfj6Af^) -2c-tTUA^^^6A^^) . (5.75) 
The complete reducible gauge anomaly 

Aa= - ^6^^'"^^-{c,^c-'tr,(A(9)9^4^))tr,,(F^(^)Ff ) 
+ c,^c^-tr, ( A(^) d,A<^^ ) tr^ (Fj^) f]? ) 

pa 



+ c:fc'-^tr^(A(^)9^A(5))tr,(F(^)F,V9) 

+ c:"c'-'"'tr^(A(^)9^4^))tr^,(F£)Ff )} , (5.76) 



per 

related by the Wess-Zumino conditions to the supersymmetry anomaly 
A, 



--^-{c,^c-'[-itr.(5,4^)4^))tr.,(F(^)i^?) - itr.(5,4^)F(^^ 



+ <c™[-itr.(5,Af 4^))tr.(F(^)i^?) - ^tr.(5,Af Fi?)^?;] 

+ c-c-[-^tr^(5,4^)4^))tr.(F(^)i^,^)) - ^tr^(5.4^)F(^))4t] 

+ c-c^-'[-itr^(5,4^)4^))tr^,(i^i^^i^i?) - ^trU5e4'^FSVi?:']} - (5-77) 
is induced by the Wess-Zumino term 

- le^''''''-B;^c-tT^{Fj,l^F^^^) . (5.78) 

It should be noticed that, as in the case of linearly realized supersymmetry, eqs. 
( |5.76|) and (|5.77| ) satisfy the Wess-Zumino condition 

5aA = Ma , (5.79) 

since the explicit form of the gauge field supersymmetry variation plays no role in its 
proof. We expect that, to higher order in the fermions, the supersymmetry anomaly 



will be modified by gauge-invariant terms as in |6^, From the definition of H'^, 
one can deduce the Bianchi identities 

= -|<tr.(F(^)Fj:}) - |c;tr4FjSf)Fj5) . (5.80) 
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We now want to determine the terms proportional to F A F containing the gold- 
stino that one has to add for the consistency of the modeL Unhke the ten dimensional 
case, where duality maps the 2-form theory with Chern-Simons couplings to the 6- 
form theory with Wess-Zumino couplings, in this case the low-energy effective action 
contains both Chern-Simons and Wess-Zumino couplings. First of all, we observe 
that for the quantity 



the supersymmetry variation is a general coordinate transformation of the correct 
parameter, together with an additional tensor gauge transformation of parameter 



A; = --t;'-e,-r5;. , (5.82) 



^r^^' = ^21-'-sH:;^ - x^^xfKUe (5.83) 



as well as PST gauge transformations of parameters 
and 

and gauge transformations of the form (|5.49| ) and (|5.74|) whose parameters are as in 
eq. ( |5.62|) and (|5.67|) . We should now consider all the terms proportional to F A F 
that arise, those directly introduced by the inclusion of the Chern-Simons 3-form for 
the fields in the 5-5 sector, those originating from the consequent modification of the 
Bianchi identities, and finally those introduced by the variation of the Wess-Zumino 
term. 

The end result is that the variation of all these contributions gives 

- 2vrC''"tTUSA^^^F^^J)K'"'f -2xfc''"tTUSA'^^'>Fl^f)K^^^"'f . (5.85) 
The first two terms are canceled by the goldstino variation in the additional couplings 
^' = e^'-^'-'^i'-Vrih,^.) - ^xf (^>,.x*')}c'^'"tr4F(^)Fi?) , (5.86) 
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where, however, the variations of the gravitino and the tensorinos produce additional 
terms. Some of these cancel the last two terms in eq. ( ^.85| ), while the remaining 
ones are canceled by the goldstino variation in 

- ^4'K''^h.ape)]c-iT^{FfjFf^) . (5.87) 

If one restricts the attention to terms up to quartic fermion couplings, no further 
contributions are produced. We can thus conclude that the non-linear realization of 
supersymmetry is granted by the inclusion of C and C" in the low-energy effective 
action. From eq. ( |5.81| ) we also see that these two contributions can be written in 
the compact form 

+ = -^e^'^''"'^"S;:/^*™c:"tr^(F^(^)Fi')) , (5.88) 

where 

+ '-{d,vn{ei,.^e) + '-x^'^K;^;p^h.]pJ) + '-v^{ei[,D,]e) (5.89) 

coincides with the counterterm of only if no 9-9 vectors are present. 

We now want to interpret these non-geometric terms along the lines of Section 
(5.1). To this end, observe that, if no 9-9 vectors are present, eq. ( ^.88| ) is exactly 
twice the term that one should add to eq. (|5.78| ) in order to geometrize the Wess- 
Zumino term, substituting B with 13. This means, roughly speaking, that half of the 
contribution in eq. (|5.88|) comes from the Green-Schwarz term, and half from the 
Chern-Simons couplings. This interpretation is in perfect agreement with self-duality, 
and thus in six dimensions there is no duality transformation that can give a fully 
geometric Lagrangian. If also 9-9 vectors are in the spectrum, no additional terms 
are produced in the lagrangian, in agreement with the fact that the additional terms 
of B^ in eq. ( ^.81|) are not gauge invariant. 

To resume, the Lagrangian for supergravity coupled to tensor multiplets, hyper- 
multiplets and non-supersymmetric vectors is 

+ \e{D,S)\b,S)r - ^e^'^'"^'^5;.c-tr4F(^)Fi?) 

- ^e'^^^'^^^5;;,^^*™c:ftr^(F(^)Fi?) . (5.90) 
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Since the supersymmetry transformation of other non-supersymmetric fermions is 
of higher order in the Fermi fields, at this level we can always add them in the 
construction, while the couplings that can not be determined by supersymmetry 



could in principle be determined by string inputs, as in ||100 . 

Finally, it is important to observe that without 9-9 vectors, although the La- 
grangian ( p.90| ) is not completely geometric, the corresponding field equations are. 
Indeed, if one fixes the PST gauge in such a way that the 3-forms satisfy the standard 
(anti) self-duality conditions, the equation for the vector fields, up to terms quartic in 
the fermions, is 



where 



^_^M-p.5r^^^^^5)^™'^(5)-' ^ ieA'-P-'5-c,^A(5)c™'tr^,(Fj^)F,?)) = , (5.91) 



HI, = 3d[,B:^] ~ clJ^J: , (5.92) 



and this is nicely of geometric form. It should be noticed that no additional countert- 
erms containing the goldstino have to be added if also 9-9 vectors are present. In fact, 
all the terms in 13'^ induced by A^^^ are not gauge invariant, and their inclusion in the 
lagrangian is forbidden because it would modify the gauge anomaly. The resulting 
equation for A^^^ is then 



where 



^l_^f^up.Sr^^^pi5)^rn.'j5W ^ leM-p-'^-^^A^s) c™'tr^. (F^^^^f]? ) = 0, (5.93) 



H;.p = 39[,5:,] + 39[,i?:/^*™ - c-c.(9j; - c^-c.(t^; (5.94) 



is geometric up to gauge- invariant terms proportional to c^^. The result is thus in 
agreement with what expected by anomaly considerations. If gauge and supersymme- 
try anomalies are absent, the A^^^ equation is mapped into itself by supersymmetry: 
this is the very reason why this equation is geometric. In the presence of gauge and 
supersymmetry anomalies, as long as 9-9 vectors are absent, the equation for A^^^ is 
still geometric, albeit not gauge invariant. The supersymmetry anomaly, in this case. 



138 



Chapter 5. Low- energy actions for brane super symmetry breaking 



results from the gauge transformation contained in eq. (|5.66|) . When also 9-9 vec- 



tors are present, these arguments do not apply, and thus in eq. (|5.93|) the geometric 
structure is violated by terms proportional to c^^c^. 

The consistent formulation described above can be reverted to a supersymmetric 



formulation in terms of covariant non-integrable field equations ||5^, ^ , that embody 
the corresponding covariant gauge anomaly 

AT = ^e^'^'"^^-[c'^^crtr,(A(^)F(^,))tr,,(F(^)Fi^)) 

+ c-c-tr.(A(9)F(9,))tr4F(^)i^?) 
+ c^'"c,^tr^(A(^)F(^))tr,(F(^)Ff ) 

+ c™c-'tr^(A(^)F(5.))tr^,(i^i^^i^i?)] , (5-95) 



eD4ecr^F;;l'>r'r] + ^e^^^^^^c.^FiJ)^;^, = , (5.96) 
and the divergence of the covariant equation for A^^^ W^. Without 9-9 vectors, eq. 



( [5. 961 ) is both geometric and gauge- covariant, while, if 9-9 vectors are present, the 



geometric structure is violated by gauge- covariant terms proportional again to c^^c^. 

5.3 Discussion 



In this chapter we have reviewed the results of ||104|| , extending the work of ||10CI|| 
on the low-energy effective action for models with brane supersymmetry breaking. 
In this class of models a supersymmetric bulk is coupled to a non-supersymmetric 
open sector, and as a result local supersymmetry is non-linearly realized d la Volkov- 
Akulov. In particular, we have shown that, up to quartic order in the fermions, the 
low-energy couplings between the supersymmetric bulk and the non-supersymmetric 
open sector in the ten-dimensional USp{32) model of are all of geometric origin. 



being induced by the dressing of the bulk fields in terms of the goldstino, provided 



one turns to the dual 6- form |16[ formulation. Thus, in retrospect, the non-geometric 
terms in ||100|| are precisely what is needed to geometrize the dual form of the theory, 
where the (high-derivative) Chern-Simons couplings are absent. We have completed a 
similar construction for six-dimensional models with brane supersymmetry breaking. 
Since in this case both Chern-Simons and Wess-Zumino terms are simultaneously 
present, not all couplings in the Lagrangian can be related to goldstino-dependent 
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dressings of bulk fields. However, in the absence of supersymmetric vectors, the field 
equations exhibit this geometric structure, that is naturally violated in the general 
case by anomalous terms. 

It would be interesting to apply the same construction to the four-dimensional 
brane supersymmetry breaking models of , and in general to brane- world scenarios 
(see and references therein) in which supersymmetry is linearly realized in the 
gravitational sector and non-linearly realized in the brane universe. However, in 
four dimensions the gravitino can acquire a Majorana mass through a super-Higgs 



mechanism ||105|| , and it is this difference with respect to minimal supergravity in ten 
and six dimensions that makes the models studied in this paper rather peculiar. 

A general property of all this class of models is the presence of a dilaton tadpole 
of positive sign, required in order to have a correct kinetic term for the goldstino 
[ p.OU|| , and guaranteed by the residual tension of anti-branes and orientifolds. In 
ten dimensions the tadpole signals the impossibility of having maximally symmetric 
vacuum configurations ||10(j|| , and one should try to analyze the same effects in the 
six-dimensional models discussed in this paper. 

Finally, it should be observed that it is always possible, in any supersymmet- 
ric theory coupled to a goldstino, to dress the fields in the linear sector by terms 
containing the goldstino itself. This is a property of the commutator of two super- 
symmetries: by construction, a supersymmetry transformation on the dressed fields 
exactly corresponds to the commutator of two supersymmetries on the linear fields, 
producing general coordinate transformations together with all the other local sym- 
metry transformations. In the six dimensional case discussed in Section 4, this can 
be explicitly verified: the parameters of eqs. (|5.59| ), (|5.62| ), ( |5.64|) , ( |5.82|) , (|5.83|) and 
( [5.84|) coincide with those coming from the supersymmetry algebra, provided one 
substitutes — |(^7^e) with —i (€17^62) ||69|, ^ |76[. Following this way of reasoning. 



one could try to generalize the results obtained here to all orders in the Fermi fields. 



Conclusions 



The main subject of this dissertation has been the analysis of minimal six- dimensional 
supergravity. As we have seen in Chapter 4, these models are "classically" anoma- 
lous, and are thus determined requiring the closure of the Wess-Zumino consistency 
conditions |^ rather than requiring supersymmetry invariance. As a result, the 
low-energy effective action is not unique, and a quartic gaugino coupling remains 
undetermined, since the model is consistent for any value of this coupling. An in- 
teresting open problem is then to analyze the same coupling at the string level, that 
would result from an annulus amplitude with the insertion of two gauginos at each 
boundary. Once one extracts the low-energy limit from this amplitude (see for in- 
stance [|107|| and references therein) one should be able to understand whether this 
coupling is determined by string theory. This result would be quite important, since 
it would state that string theory is more powerful than supersymmetry in determin- 
ing the low-energy effective action, even for vacua with 8 supercharges, that a priori 
should receive string corrections only in the hypermultiplet sector. 

Another very interesting open problem related to these six- dimensional vacua is 
to understand the physics corresponding to the tensionless string phase transition 
[^ , |65| . There is an analogous phenomenon in A/" = (2,0) six-dimensional models 
|63| , and in ||108|| some recent attempts have been made in order to give a proper 
definition to interacting superconformal quantum theories in six dimensions. These 
theories (see e.g. [[109| , p.lO|| for reviews) seem also to give the correct framework for 
a better understanding of A/" = 4 SYM theory in four dimensions. In particular, the 
fact that A/" = 4 four-dimensional theories are obtained by compactification of six- 
dimensional superconformal quantum theories on could provide an explanation 
for SL{2, Z) S-duality (in this respect, a better understanding of these theories could 
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also correspond to a deeper comprehension of F-theory ||1 1 If ) . 

In the last part of the thesis we have analyzed the low-energy effective action for 
type-I models with brane supersymmetry breaking, both in ten and six dimensions. 
We emphasize once more that these models are very interesting from a phenomeno- 
logical point of view in the context of brane-world scenarios. In would be relevant 
then to study them in more detail, trying to determine higher order Fermi terms, and 
also obtaining in specific cases the scalar potential. 



Appendix A 

Notations and spinor algebra 



A.l Reality properties 

In our conventions, the Clifford algebra has the form 

{7m,7n} = 2r7m„l , (A.l) 

and we use the mostly minus convention for the signature of space-time. The matrix 
7° is hermitian, while the 7*'s are anti-hermitian, with (7°)^ = 1 and 7*7* = — 1. 
We want to resume here the reality properties of the spinors in various dimensions 



(see for instance [|112|| and references therein for details). We are intersted only in 
spinors of the Lorentz group SO{D — 1,1). In general it can be shown that for the 
group SO(t, s), the reality properties of the spinor only depend on \s — t\ mod 8. One 
can define a real spinor if it is possible to construct consistently a charge conjugation 
matrix C such that 

C7,C = ±7j . (A.2) 

The charge-conjugated spinor is 

^c = CV'^ , (A.3) 

where ip = V'Wo) and this definition is consistent if one can consistently define a 
Majorana spinor, satisying 

^lJ = ^lJc ■ (A.4) 
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This can be obtained it two ways, with either C symmetric satisfying eq. (|A.2|) with 



the plus sign, or C antisymmetric satisfying eq. (|A.2| ) with the minus sign. In the 



former case, if ip and x satisfy eq. (|A.4| ), the bihnear {tpx) is odd under Majorana flip 
and thus is an imaginary number, while in the latter case it is even under Majorana 
flip and thus is a real number.^ As we will see, the situation is reversed in the 
case in which the spinors satisfy symplectic Majorana conditions. The properties 
under flip of the bilinears obtained contracting the spinors with 7 matrices can be 
straightforwardly obtained: the result is that if the number of 7 matrices is odd, the 
two C's give the same Majorana flip properties, while if the number of 7 matrices is 
even the flip properties are opposite. The fact that the two definitions give the same 
flip properties when an odd number of 7 matrices is inserted is fundamental in order 
to close the supersymmetry algebra. Whenever possible, we always choose C such 
that (ipx) is even under Majorana flip. 

Let us begin by discussing the two-dimensional case, in which the 7 matrices are 
two-dimensional. One possible choice is 

7^ = i(^2 ■ (A.5) 



The chirality matrix is 73 = a^. The symmetric matric Cs = cfi satisfies ( |A.2| ) with 



the plus sign, while the antisymmetric matrix Ca = c"2 satisfies eq. ( [A.2| ) with the 



minus sign, so they are both good definitions for a real spinor. Observe that in our 



base, the choice Cs corresponds in eq. (|A.4| ) to the condition ijj = ijj*. Both these 



matrices anticommute with 73, and so both the conditions are compatible with the 
chirality condition: in two dimensions one can define a Majorana- Weyl spinor. 

As usual, one goes from D = 2n to D = 2n + 1 adding 7^ = 27. So in three 
dimensions we add 

7' = (A.6) 
to eq. (|A.5|) . The only possible choice is C = Ca = o"2, satisfying eq. (|A.2|) with the 



minus sign, and so in three dimensions one can define a Majorana spinor. 

In four dimensions the 7 matrices are 4x4, and can be written as the tensor 
product of two Pauli matrices: 



7° = ^1 



^We define the charge conjugation operation on Grassmann variables as (ab)* = b*a*, and so if 
a and b are real, ab is imaginary. 
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7^ = ia2 ® cTi 
7^ = ia2 ® (72 



7^ = ia2®(T3 . (A. 7) 

The chirality matrix is 75 = 0-3 ® 1. The condition (|A.2|) is satisfied by Ci = 1 ® (72 



with the plus sign and by C2 = o"3®o"2 with the minus sign. Since both these matrices 
are antisymmetric, only the second gives a consistent reality condition. The fact that 
this matrix commutes with 75 means that the Majorana and Weyl conditions are not 
compatible. 

In five dimensions we add 

to eq. ( |A.7D . Then we are left with only the matrix Ci = 1 ® 0"2, and so it is not 
possible to impose a Majorana condition on a single spinor. This is analogous to the 
six-dimensional case, in which the 8x87 matrices can be written in the form 

7° = (Ti ® 1 ® (Ji , 
7^ = icr2 (Ti (g) 1 , 
7^ = 20-2 ® ® 1 , 

7^ = i(j2 ® (T3 (g) 1 , 
7^ = iai (g) 1 (g) (72 , 

7^ = i(Ti (g) 1 O 0-3 . (A.9) 



The matrix Ci = cr2 ® cr2 ® cr2 is antisymmetric and satisfies eq. (|A.2|) with the plus 
sign, while the matrix C2 = cti (g cr2 (g o"2 is symmetric and satisfies eq. ( |A.2| ) with 
the minus sign, and neither give a consistent Majorana condition for a single spinor. 
the seven- dimensional case is analogous to five dimensions. 

In five, six and seven dimensions one can define for a USp{2) doublet of spinors 
the symplectic Majorana condition 

^^ = e^^C7/'| , (A.IO) 

where 

i^A = {^^10 (A.ll) 

and e^^ = £12 = 1- Any bilinear ipAX^ carries a pair of USp{2) indices, and can be 
decomposed in terms of the identity and of the three Pauli matrices. Indeed, one can 
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form the bilinears 

and standard properties imply that 



[^Xli 



cyiA^i'BX^ 



^Ax"" = \^l{^x)^\y^A''\i^iA^ 



(A.12) 



(A.13) 



Using eq. ( |A.10| ), and choosing C to be symmetric, one can then see that the Fermi 
bihnear (^/'x) has standard behavior under Majorana-flip, namely 



while all three bilinears \}\}x\i have the anomalous behavior 



(A.14) 



(A.15) 



Corresponding relations hold for all Fermi bilinears, that naturally display pairs of 
opposite behaviors under Majorana flip. In particular, these properties imply that 



(A.16) 



a relation often used in deriving the results of Chapter 4. In six dimensions the 
symplectic Majorana condition and the Weyl condition can be imposed together, 
since C anticommutes with the chirality matrix 77 = cts ® 1 ® 1. 

Following the same arguments as before, one can show that the eight- dimensional 
case is similar to four dimensions, while the nine-dimensional case is similar to three 
dimensions. Let us analyze in more detail the ten-dimensional case, that is completely 
analogous to the two-dimensional case by general arguments. Making the choice 



7° 


= (Tl ( 


g) 1 (g) (Ji (g) (Ji (g) 1 


7^ 


= ia2 


(g) 0-1 (g) 1 O 1 (g) (Tl 


7^ 


= ia2 


(g) (T2 (g) 1 (g) 1 (g) (Tl 


7^ 


= io-2 


(g) (T3 (g) 1 (g) 1 (g) (Tl 


1' 


= iai 


(g) 1 (g) (T2 (g) (Tl (g) 1 


1' 


= iai 


(g) 1 (g) (T3 (g) (Tl (g) 1 


1' 


= iai 


(g)l(g)l(g)(T2(g)l 


1' 


= iai 


(g)l(g)l(g)(T3(g)l 


1' 


= ia2 


(g)l(g)l(g)l(g)(T2 


1' 


= i(J2 


(g)l(g)l(g)l(g)(T3 



(A.17) 



A. 2 Fierz identities 



147 



one obtains that eq. (|A.2|) is satisfied by the symmetric matrix C5 = (Xi Cg) (72 (8) cr2 



(TsCgicrs with the plus sign, and by the antisymmetric matrix Ca = o"2(S)cr2(8>o"2(8>o"3®cr3 
with the minus sign, and both these choices are consistent with eq. ( [A .41) . Moreover, 



both these matrices anticommute with the chirahty matrix 711 = as (8> 1 ® 1 (S> 1 ® 1, so 
that the Majorana condition can be imposed on a Weyl spinor, as in two dimensions. 
Finally the eleven-dimensional case is completely analogous to three dimensions: the 
complete set of 7 matrices can be obtained adding 

7I0 = i^^^ =ia3®l®l®l®l (A.18) 

to eq. ( |A.17] ), and from this one obtains the antisymmetric charge-conjugation matrix 

= (72 (g) 0-2 ® 0-2 ® 0-3 ® 0-3 , (A. 19) 

satisfying eq. ( [A.2|) with the minus sign. 



A. 2 Fierz identities 

In this section we collect the Fierz relations that are used in this dissertation. We 
begin with the four dimensional case, in which the product of two spinors has 16 
components, and can be expanded in terms of the bilinears obtained contracting the 
spinors with the identity, 75, 7^, 7^75 and •y^u- AH the other bilinears are related to 
these by the relation 

i(-l)[n/2] 

' ~ e(4-n)! liyi..M4-nl5 , yA.zu) 

where 7^1 = 1 for n = 0, and e*^^^^ = 1. The result is 

+ ^7m75(X7'^75^) + ^7/..(X7'^"^) • (A.21) 
For Majorana spinors, this implies 

i^x-xi^ = -\MxYi^) + lif^AxY"^) • (A.22) 

In six dimensions, using £"12345 = one obtains 

(-l]ln/2] 

^ _ y ) J.,...^^U,...U, ^A.23) 

e(6 — n)\ 
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In particular, eq. (|A.23|) shows that •y^upi^ is self-dual if ip is left-handed, i.e. •y-iip = ip, 



and antiself-dual if ip is right-handed. One can study Fierz relations between spinor 
bilinears using eq. (|A.13|) . If ip and x have the same chirality 

V^X = - Jx7'^V'7m + ^X7'^"'^7m.p , (A.24) 
while if they have opposite chirality 

i^x = -Ix^ + lxY^'^if.. ■ (A.25) 

In the case of spinors satisfying the symplectic Majorana condition ( [A.10|) , interesting 
results are obtained (anti)symmetrizing these relations. In particular, eq. ( [A.24|) 
implies 

^^XB - X^i'B = -\{xY^)Sh, + ^[XY''''^]^CT^B^1,UP • (A.26) 

Now we consider the ten-dimensional case. From the definition of 711 one obtains 

(-l][n/2] 

^ ~e(10-n)! 7.i....io-„7ii , 

that again implies that 7^i...^5'?/' is self-dual if ip is left-handed, and antiself-dual if ip 
is right-handed. The Fierz identity is 

^X = -^l.ixY^) + y^7m.p(X7"^» - ^^^l.up.rixY''"'^^) (A.28) 
for spinors of the same chirality and 

= -^ix^) + j^ipAxi'''^) - ^^IpupAxY"'"^) (A.29) 

for spinors of opposite chirality. 

Finally, we write the Fierz identities for D = 11: 

^X = -^(xV')-^(x^) + ^7m.(X7^>) + Y^7m.p(X7^^''^) 

- ^^7m.p.(X7"^"» - ^^:\^7m.p..(X7"^"'^^V^) • (A.30) 

A. 3 Six-dimensional conventions 

In six dimensions, a 3-form X^j^p is (anti) self-dual if 

Xpup = { — ) -^^pvpap-iX^^'^ . (A. 31) 
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149 



If X^i^p and are both (anti)self-dual, 

X^.pY^^''' = (A.32) 

and 

X^,aY^'''^-X^,f,Y^'\ = , (A.33) 
while if they have opposite duahty properties 

X^^aY'^-'is + X^^pYf^^ = \^g^fiX^,,,Y^^P . (A.34) 
Moreover, an (anti)self-dual antisymmetric tensor X^j,^p satisfies 

X^^'^Xo.^p = ^ {-b^X^^.X^-^' + blX^^,X>^^' + b>iXp^,X^^' - blX^^,X>^^'\ . (A.35) 

The indices of U Sp{2) and U Sp{2nH) are raised and lowered by the antisymmetric 
symplectic invariant tensors e^^ and fl"''' with the following conventions: 

W^'^n^'^Wb , Wa = fl,aW' {Q^'Qac = S',) . (A.36) 

Spinors with U Sp{2nH) indices satisfy the symplectic-Majorana condition 

= Qf'^C^l , (A.37) 

where 

^a=(^")S • (A.38) 

From these relations one can deduce the properties of spinor bilinears under Majorana 
flip. For instance: 

{XA^'')=eABn''''{^bx'') , (A.39) 

and similar relations when 7-matrices are included. In our notations a spinor bilinear 
with two USp{2) indices contracted is written without explicit indices, i.e. 

(XA^^) = (X*) , (A.40) 

while in all the other bilinears the symplectic indices are explicit. 

The connections A^b and A^b are anti-hermitian. Belonging to the adjoint rep- 
resentation of a symplectic group, they are symmetric if considered with both upper 
or both lower indices. 
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The hermitian gauge-group generators satisfy the commutation relations 

[T\T^]^if^^T^ , (A.41) 

as well as the trace conditions 

tr(r^r^) = -S'^ . (A.42) 
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